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a^ 

Abstract 

> _ 

O I The fibre bundle formulation of gauge theory is generally accepted. The jet 

^-t ' manifold machinery completes this formulation and provides the adequate mathe- 

cn ' matical description of dynamics of fields represented by sections of fibre bundles. 

Theory of differential operators, Lagrangian and Hamiltonian formalisms on bundles 

have utilized widely the language of jet manifolds. Moreover, when not restricted to 

^ ■ principal connections, differential geometry also is phrased in jet terms. However, 

^} . this powerful tool remains almost unknown to physicists. These Lectures give intro- 

(^ I duction to jet manifolds, Lagrangian and Hamiltonian formalisms in jet manifolds 

and their application to a number of fundamental field models. 
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Introduction 

We follow the generally accepted geometric description of classical fields by sections 
of fibred manifolds 

TV -.Y ^X 

whose base X is regarded generally as an n-dimensional parameter space, e.g., a world 
manifold. 



Lagrangian and Hamiltonian formalisms on fibred manifolds utilize the language of 
jet spaces. Given a fibred manifold Y ^ X, the /c-jet space J'^Y of Y comprises the 
equivalence classes j^s, a: G X, of sections s of F identified by the first {k + 1) terms of 
their Taylor series at points x ^ X. One exploits the well-known facts that: (i) the /c-jet 
space of sections of a fibred manifold F is a finite-dimensional smooth manifold and (ii) 
a /c-order differential operator on sections of a fibred manifold Y can be described as a 
morphism of J'^Y to a vector bundle over X. As a consequence, the dynamics of field 
systems is played out on finite-dimensional configuration and phase spaces. Moreover, 
this dynamics is phrased in the geometric terms due to the 1:1 correspondence between 
sections of the jet bundle J^Y -^ Y and connections on the fibred manifold Y -^ X. 

In the Lectures, we are concerned only with first order Lagrangian and Hamiltonian 
systems, for the most of contemporary field models are described by first order Lagrangian 
densities. 

In the framework of the first order Lagrangian formalism, the finite-dimensional config- 
uration space of sections of a fibred manifold Y ^ X is the jet manifold J^Y coordinatized 
by 

where {x^,y'^) are fibred coordinates of Y and y* are so-called derivative coordinates or 
velocities. A first order Lagrangian density on the configuration space J^Y is represented 
by an exterior form 

u; = dx^ A ... Adx"'. 

Given a Lagarngian density L, we have the associated Legendre morphism L of the 
configuration space J^Y to the Legendre bundle 

U = AT*X(g)TX(g)V*Y 

Y Y 

over Y. This bundle is provided with the corresponding induced coordinates 

such that 

Pi °L = 7rf . 

The Legendre bundle II carries the multisymplectic form 

n = dpi Ady^ Au® dx. 

In case of X = M, the form Q recovers the standard symplectic form in analytical me- 
chanics. 



Building on the multisymplectic form Q, one can develop the so-called niultimomentum 
Hamiltonian formalism of field theory where canonical momenta correspond to derivatives 
of fields with respect to all world coordinates, not only the temporal one. On the math- 
ematical level, this is the straightforward multisymplectic generalization of the standard 
Hamiltonian formalism in analytical mechanics to fibred manifolds over an n-dimensional 
base X, not only R. 

We shall say that a connection 7 on the fibred Legendre manifold 11 —i> X is a Hamilto- 
nian connection if the exterior form 7J Q is closed. Then, a multimomentum Hamiltonian 
form ilf on H is defined to be an exterior form such that 

dH = -f\n (1) 

for some Hamiltonian connection 7. The crucial point consists in the fact that every 
multimomentum Hamiltonian form admits splitting 

H = pfdy' A LUX- pI^xU - Htuj = pfdy' Alux-Hlu (2) 

where F is some connection on the fibred manifold Y. Moreover, every multimomentum 
Hamiltonian form itself sets up the associated connection on Y and, so meets the canon- 
ical splitting (^. One can think of the splitting (^) as being a workable definition of 
multimomentum Hamiltonian forms. Given a multimomentum Hamiltonian form H (^, 
the equality (|l|) leads to the first order partial differential equations 

dxr\x) = d{n, 

dxr^ix) = ~d,n 

for sections r of the fibred Legendre manifold H — > X. We call them the Hamilton 
equations. 

If a Lagrangian density is regular, the Lagrangian formalism on fibred manifolds and 
the multimomentum Hamiltonian formalism are naturally equivalent to each other. In 
this case, there exists the unique multimomentum Hamiltonian form such that the first 
order Euler-Lagrange equations and the corresponding Hamilton equations are equivalent, 
otherwise in case of degenerate Lagrangian densities. 

In field theory, if a Lagrangian density is not regular, the system of the Euler-Lagrange 
equations becomes underdetermined and requires a supplementary gauge-type condition. 
In gauge theory, these supplementary conditions are the familiar gauge conditions. Such 
a gauge condition is introduced by hand and singles out a representative from each gauge 
coset. In general case, the gauge-type conditions however remain elusive. In the frame- 
work of the multimomentum Hamiltonian formalism, they appear automatically as a part 
of the Hamilton equations. The key point consists in the fact that, given a degenerate 
Lagrangian density, one must consider a family of different associated multimomentum 



Hamiltonian forms in order that solutions of the corresponding Hamihon equations ex- 
aust solutions of the Euler-Lagrange equations. For a wide class of degenerate Lagrangian 
densities, such complete families exist at least locally, and the adequate relations between 
Lagrangian and multimomentum Hamiltonian formalisms can be given. In particular, we 
spell out the models with degenerate quadratic and afiine Lagrangian densities. The most 
of contemporary field models belong to these types. As a consequence, the tools are at 
hand to canonically analize constraint field systems on covariant and finite-dimensional 
levels. 

In order to illustrate the jet manifold methods, we apply them to a number of stan- 
dard field models: gauge theory, electromagnetic fields, Proca fields, matter fields and 
Einstein's gravitation theory. At the same time, it is the multimomentum Hamiltonian 
formalism which enables us to describe field systems on composite manifolds, e.g., the 
gauge gravitation theory (see E-prints: ^r-qc/9405013|, 9407032 and |hep-th/9409159D. We 



refer also to E-prints: |hep-th/9403172 , 9405040 as the brief of this work. 
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Lecture 1. JET MANIFOLDS 



The most of differential geometric methods apphed to field theory are based on prin- 
cipal bundles. The Lectures 1,2 brief the basics of general theory of fibred manifolds, jet 
manifolds and connections. 

In application to field theory, one handles first and secon order jet manifolds as a rule. 

All morphisms throughout are differentiable mappings of class C°°. Manifolds are 
real, Hausdorff, finite-dimensional and second-countable (hence paracompact). Unless 
otherwise stated, manifolds are proposed to be connected manifolds, without boundary. 

We use the conventional symbols 0, V and A for the tensor, symmetric and exterior 
products respectively. By J is meant the interior product (i.e., contraction) of multivectors 
on the right and differential forms on the left. 

The symbols d^ denote the partial derivatives with respect to coordinates possessing 
multi- indices ^. 

Throughout this Lecture, by M is meant an m-dimensional manifold. Let 

(p^iz) = z^ex, z e U^, 

be an atlas of local coordinates (2;^) of M where {ex} is a fixed basis of M™. The tangent 
bundle TM of the manifold M and the cotangent bundle T*M of M are provided with 
atlases of the induced coordinates {z^,z^) and {z^,z\) relative to the holonomic fibre 
bases {dx} and {dz-^} respectively. We have 

TM3t = z^dx, T05(9a) = ex, 
T*M3t* = zxdz^, dx\dz'^ = 5'^. 

If / : M ^ M' is a manifold mapping, by 

Tf : TM -^ TM', 

dz"^ 



i'A„T/ = ^r, 



is meant the morphism tangent to /. 

Given a manifold product A x B, we shall denote by pr^ and pr2 the canonical 
surjections 

pi ^ : A X B ^ A, 
PT2: Ax B ^ B. 
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1 Manifold mappings 

Throughout the Lectures, we handle the following types of manifold mappings: injection, 
surjection, immersion, imbedding and submersion. In this Section, we shall recall these 
notions. 

There exist two types of manifold mappings / : M — > M' when the tangent morphism 
T f to / meets the maximal rank ig^f at a point z G M. These are an immersion when 
dimM < dimM' and a submersion when dimM > dimM'. If a manifold mapping / is 
both an immersion and a submersion when dimM = dimM', it is a local diffeomorphism. 

Let z be a point of M and TzM the tangent space to M sX z. A mapping f : M ^ M' 
is called the immersion at a point z & M when the tangent morphism T f to / is an 
injection of the tangent space T^M into the tangent space Tf(^z)M' to M' at f{z) G M'. 

The following assertions are equivalent. 

• A manifold mapping / is an immersion at a point z G M. 

• There exist: (i) an open neighborhood U of z, (ii) an open neighborhood U' D f(U) 
of f{z), (iii) a manifold V, (iv) a diffeomorphism 

iIj:UxV^U' 

and (v) a point a G V" so that 

f{b)=^{b,a) 

for each point h eU . 

• Given the above-mentioned neighborhoods U oi z and U' of f{z), there exist coor- 
dinates {z' ) of U' so that 

/^o/ = 0, A = dimM + 1,..., dimM', 

whereas {z' o /), A = 1, ..., dimM, set up coordinates of U . 

One can refer to these statements as the equivalent definitions of an immersion at a 
point. 

Let us recall that, given a manifold mapping f : M ^ M', the function 

z -^ rgj 

is a lower semicontinuous function on M. It follows that, if / is an immersion at a point 
z, then there exists an open neighborhood U oi z so that / is an immersion at all points 
of U. Moreover, in accordance with the rank theorem, / is an injection of some open 
neighborhood of z into M'. 



A manifold mapping / of M is termed the immersion if it is an immersion at all points 
of M. 

A triple f : M ^ M' is called the submanifold if / is both an immersion and an 
injection of M into M' . For the sake of simplicity, we denote a submanifold by the 
symbols / or f{M). In particular, if a mapping / is an immersion at a point z G M, it 
is locally a submanifold around z. 

Example 1.1. Let us consider the manifold M = R^ coordinatized by z and the 
manifold M' = R^ coordinatized by (z' ,z'). The mapping 

z = 0, z = z , 

of R^ into R^ exemplifies the injection which is not a submanifold. □ 

It should be noticed that a submanifold fails to be a topological subspace of a manifold 
in general. The topology of a submanifold is finer than the relative topology. 

Example 1.2. The picture 



illustrates a submanifold R^ -^ R^ which is not a topological subspace. □ 

A submanifold which also is a topological subspace is called the imbedded submanifold. 
A diffeomorphism onto an imbedded submanifold is termed imbedding. There is the 
following criterion of imbedding. 

Proposition 1.3. A mapping / : M — > M' is an imbedding if and only if, for each 
point z G M, there exists an open neighborhood U' of f{z) with coordinates {z' ) such 
that the intersection /(M) fl U' consists of all points z' G U' whose coordinates meet the 
condition 

z'^{z')=0, A = dimM + l,...,dimM'. 

n 

For instance, every open subset f/ of a manifold M is endowed with the manifold 
structure such that the canonical injection ijj : U "-^ M is imbedding. Hencerforth, we 
shall refer to an open subset as being an open imbedded submanifold. 

Let z be a point of M and T^M be the tangent space to M at z. A mapping f : M -^ 
M' is called the submersion at a point z & M when the tangent morphism T f to / is a 
surjection of TzM onto the tangent space Tf(z)M' to M' at f{z). The following assertions 
are equivalent. 

8 



A manifold mapping / is a submersion at a point z G M. 

There exist: (i) an open neighborhood U of z^ (ii) an open neighborhood V D /(f^) 
of /(-z), (iii) a manifold V and (iv) a mapping -i/; : f/ ^ V so that the mapping 

^ : f/ ^ f/' X l^, 

is a diffeomorphism. In other words, there exists a local splitting of M . This 
splitting is called the local bundle splitting \iU = f^^{U') is the preimage of an 
open subset U' C X hj f . 

Given the above-mentioned neigborhoods U oi z and U' of f{z), there exist coordi- 
nates iz' ) of U' and fibred coordinates iz^) of U so that 



z 



A _ J^ 



z' of, A = 1, ...,dimM'. 



• There exist an open neighborhood U' of f{z) and imbedding s of f/' into M so that 

(so/)(^) =^- 
In other words, there is a section of the manifold M over U'. 

One can refer to these statements as the equivalent definitions of a submersion at a 
point. 

If a mapping / of M is a submersion at a point z G M, then there exists an open 
neighborhood U oi z so that / is a submersion at all points of U. Moreover, / is a 
surjection of some open neighborhood of z onto an open subset of M'. 

A manifold mapping / of M is termed the submersion if it is a submersion at all points 
of M. 

A triple f : M ^ M' is termed the fibred manifold if a mapping / is both a submersion 
and a surjection of M onto M'. 

2 Fibred manifolds 

Throughout the Lectures, by Y is meant a fibred manifold 

TT : r ^ X (3) 

We use symbols y and x for points of its total space Y and its base X respectively. Unless 
otherwise stated, X is an n-dimensional manifold. It is endowed with an atlas of local 
coordinates (x^). 

9 



We shall refer to the notations 

uo = dx^ A ... A dx^' 



ujx = dx\uj. 
A fibred manifold F ^ X, by definition, is provided with an atlas of fibred coordinates 



{x\y'). (4) 

x^ -^ x'^x'^), 

y^^y'\x^,y^), 

compatible with the fibration (^. 

A fibred manifold Y ^ X is called the locally trivial fibred manifold if there exists a 
fibred coordinate atlas of Y over an open covering {7r^^(f/g)} of Y where {U^} is an open 
covering of the base X. In other words, all points of the same fibre 7r~^(a;) of a bundle Y 
can be covered by the same fibred coordinate chart. In this case, we have the standard 
fibre manifold V for all local bundle splittings 

By a differentiable fibre bundle (or simply a bundle) is meant the locally trivial fibred 
manifold (0) provided with a family of equivalent bundle atlases 

^ = {[/5,V'e,Pcc}. 

where p are transition functions. Let us recall that two bundle atlases are equivalent if 
their union also is a bundle atlas. 

If y — i> X is a bundle, the fibred coordinates (^ of Y are assumed to be bundle 
coordinates associated with a bundle atlas \1/ of F, that is, 

y\y) = {v'o^i^o^^){y), 7r{y) e U^, (5) 

where w* are coordinates of the standard fibre V oiY. 

Note that a bundle F — > X is uniquely defined by a triple {X, V, \1/) of its base X, its 
standard fibre V and a bundle atlas \1/. 

Given fibred manifolds y — > X and Y' ^ X', let a pair 

$ : F ^ r , / : X -. X', (6) 

be a fibre-to-fibre manifold mapping such that the diagram 

Y^Y' 



X — yX 

f 
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is commutative. Briefly, one says that (^ is the fibred morphism $ over /. If / = Idx is 
the identity mapping of X, the fibred morphism (Q) is termed the fibred morphism 

X 

over X. 

If the fibred morphism $ [Eq.(^] over X is a submanifold, Y —* X is called the fibred 
submanifold oi Y' —> X . 

In particular, let Xx denotes the fibred manifold 

Idx -.X^X. 

Given a fibred manifold Y ^ X, a fibred morphism Xx -^ Y over X, by definition, is 
a global section of Y. It is a closed imbedded submanifold. Recall that, for each point 
X E X, Si fibred manifold over X has a local section (or simply a section) over an open 
neighborhood of x. 

More generally, let N be an imbedded submanifold of X. A fibred morphism Nn -^ Y 
over N "^^ X is called a local section of Y over N. Due to the properties which are 
required of a manifold, we can refer to the well-known theorem. 

Theorem 2.1. If a fibred manifold Y ^ X has a global section, every local section 
of Y over a closed imbedded submanifold of X is extended to a global section of y . □ 

A fibred morphism of a bundle y to a bundle Y' is called a bundle morphism. A sub- 
bundle is the image of a bundle by a bundle morphism which is a submanifold. A bundle 
imbedding and a bundle diffeomorphism are usually callled a bundle monomorphism and 
a bundle isomorphism respectively. 

Given a fibred manifold F — > X, every manifold mapping / : X' — > X yields a fibred 
manifold over X' as follows. The pullback of the fibred manifold Y by the above-mentioned 
mapping / is defined to be the fibred manifold f*Y comprising the pairs 

{{y,x')eYxX'\ 7r(y) = /(x')} 

together with the surjection {y,x') -^ x' . Roughly speaking, the fibre of f*X at a point 
x' G X' is the same as that of Y at the point f{x) G X. In particular, every global section 
s of the fibred manifold Y defines the corresponding global section 

(r.)(x') = ((so/)(x'),x'), x'gX', 

of the pullback f*Y -^ X' . 

Example 2.2. Let Y ^ X he a. fibred manifold. If a mapping / : X — > X' is a 
submanifold, the pullback f*Y is called the restriction Y |/(x') of the fibred manifold Y 
to the submanifold f{X') C X (or the portion of Y over /(X')). □ 

11 



Example 2.3. The product of fibred manifolds n : Y ^ X and n' : Y' ^ X over X, 
by definition, is the total space of the pullbacks 



7r*F' = n'*Y = YxY'. 

X 



n 



Now, we consider bundles which possess algebraic structure. 

A group bundle Y ^ X is defined to be a bundle together with the triple 

m:YxY ^Y, 

X 

1:Y -^Y, 

e:X^Y (7) 

of bundle morphisms m, i and a global section e which make each fibre of Y into the 
group: 

fn{{e on) {y),y) = m(t/, (e o 7r)(y)) =y, 
rn(J{y),y) =m{y,i{y)) = {eon){y). 

Note that a standard fibre of a group bundle is not a group in general. 

A general affine bundle is defined to be the triple {Y, Y, r) of a bundle Y -^ X and a 
group bundle Y ^ X together with a bundle morphism 

r:YxY^Y (8) 

X 

over X which makes each fibre Y^, x & X, oi Y into a general affine space modelled on 
the left [resp. on the right] on the group Y^ acting freely and transitively on Y^ on the 
left [resp. on the right]. 

Example 2.4. A vector bundle is an additive group bundle provided with atlases of 
linear bundle coordinates. Its standard fibre, by definition, is a vector space. □ 

Example 2.5. An affine bundle F is a general affine bundle modelled on a vector 
bundle Y. It is endowed with atlases of affine bundle coordinates {x^,y^) such that 

r:{x\y')x{x\r)^{x\y' + r) 

where {x^,y^) are linear bundle coordinates of the vector bundle Y. In particular, every 
vector bundle Y has the canonical structure of an affine bundle modelled on Y itself by 
the morphism 

r ■■ iy,y') ^y + y'. 
12 
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Example 2.6. A principal bundle 

TTp-.P^X 

with a structure Lie group G is a general affine bundle modelled on the right on the trivial 
group bundle X x G where the group G acts freely and transitively on P on the right: 

Tg-.p^ pg, (9) 

peP, geG. 

A principal bundle P is also the general affine bundle modelled on the left on the associated 
group bundle P with the standard fibre G on which the structure group G acts by the 
adjoint representation. The corresponding bundle morphism reads 

P X P 3 [p,p) h^ pp ^ P. 

Note that the standard fibre of the group bundle P is the group G , while that of the 
principal bundle P is the group space of G on which the structure group G acts on the 
left. □ 



3 Vertical tangent bundles 



In this Section, tangent, cotangent, vertical tangent and vertical cotangent bundles of 
fibred manifolds are considered. 

Let TY ^ y be the tangent bundle of a fibred manifold Y ^ X. The following 
diagram commutes 

TY^TX 

Y — > X 

TV 

where 

Tn-.TY ^ TX (10) 

is a fibred manifold. Note that Tvr is still the bundle morphism of the bundle TY -^ Y 
to TX over tt and the fibred morphism of the fibred manifold TY -^ X to TX over X. 
There is also the canonical surjection 

ttt-.TY^TXx Y. 

Y X 
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Given the fibred coordinates (^) of a fibred manifold Y, the corresponding induced 
coordinates of TY are 

y = -^-ry- 

A glance at this expression shows that the tangent bundle TY -^ F of a fibred manifold 

Y has the vector subbundle 

VY = KeiT-n 

where Ttt is regarded as the fibred morphism of TY — ^ X to TX over X. The subbundle 
VY consists of tangent vectors to fibres of Y . It is called the vertical tangent bundle of 

Y and provided with the induced coordinates {x'^,y\y^) with respect to the fibre bases 

Remark. Let $ be a fibred morphism of a fibred manifold F — > X to a vector bundle 
Y' ^ X over X. By Ker$ is meant the preimage $~^(0(X)) of the global zero section 
0(X) of the vector bundle Y' by $. □ 

The vertical cotangent bundle V*Y ^ Y oiY, by definition, is the vector bundle dual 
to the vertical tangent bundle VY — > Y. It is not a subbundle of the cotangent bundle 
T*Y of Y, but there is the canonical surjection 

'T^*Y ^ V*Y 

Y 

We shall denote by {dy^} the fibre bases for V*Y which are dual to the fibre bases {di} 
for VY. Compare the transformation laws 



and 



dy * = -TT-dy 
^ dy- ^ 



dy'^ = ^-f-dy^ + l^rfx^ 
oy^ ox^ 



where {dx^, dy^} are holonomic fibre bases for T*Y . 

With VY and V*Y ., we have the following exact sequences of bundles over a fibred 
manifold Y —^ X: 

O^T/y ^TF-^r xTX-^0, (11a) 

X 

o^r xT*x-^T*r ^1/*^ ^0 (lib) 
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For the sake of simplicity, we shall denote by TX and T*X the pullbacks 



Y X TX, Y X T*X 

X X 



and other pullbacks involving tangent and cotangent bundles of X. 
Every splitting 



YxTX^ TY, 

X Y 



of the exact sequence ( |lla| ) and 



d^^d^ + V\{y)d,, 



Y*Y > '~r*Y 

1 ^dy'-Ti{y)dx\ 



of the exact sequence (|1 lb|) , by definition, corresponds to a certain connection on the 
fibred manifold Y ^ X, and vice versa. 

Let $ be a fibred morphism of a fibred manifold Y —>■ X to a fibred manifold Y' -^ X' 
over f : X —^ X' . The tangent morphism 



T^:TY ^ TY' 



to $ reads 



.A -.K 



{x' , /) o T^ = (<9^/^x^ d^^'x^ + 9,$V). 
It is both the linear bundle morphism 

'TV ^^) TV' 



Y — > Y' 



(12) 



over $ and the fibred morphism 



TV -^"^^ TY' 



TX — > TX' 

Tf 



over the tangent morphism Tf to /. 

In particular, if F —>^ X is a bundle with an algebraic structure, also the bundle 
TY — >• TX [Eq.(|l^)] possesses an algebraic structure as a consequence of compatibility 
with the corresponding tangent morphisms to the morphisms (j^) and (^. 
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Example 3.1. If F is a vector bundle, so is the bundle (pHI). □ 

Example 3.2. If Y is an affine bundle modelled on a vector bundle Y, so is the 
bundle dTOf) modelled on the vector bundle TY — > TX. □ 



Example 3.3. Given a principal bundle P ^ X, the bundle TP -^ TX is a principal 
bundle 

TP X T(X xG) ^TP 

TX 

with the structure group TG = G x qi where Qi is the left Lie algebra of left-invariant 
vector fields on the group G. □ 

The restriction of the tangent morphism T$ to the vertical tangent subbundle VY of 
TY yields the vertical tangent morphism 

VY ^ VY' 



Y — y Y' 

y'i o 1/$ = dj^yi. (13) 

This also is a linear bundle morphism over $. 

Vertical tangent bundles of many fibred manifolds utilized in field theory meet the 
following simple structure. 

Definition 3.4. One says that a fibred manifold Y ^ X has vertical splitting if there 
exists the linear bundle isomorphism 

a:VY^YxY (14) 

where F ^ X is a vector bundle. □ 



Example 3.5. A vector bundle Y —* X has the canonical vertical splitting 

VY = YxY. (15) 

X 

D 



Example 3.6. An affine bundle Y modelled on a vector bundle Y has the canonical 
vertical splitting 

VY = YxY. (16) 

X 
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Example 3.7. A principal bundle P ^ X with a structure Lie group G possesses 
the canonical trivial vertical splitting 

a:VP^PxQi, 

pr2oaoe„ = J„, (17) 

where {Jm} is a basis for the left Lie algebra Qi and e^ denotes the corresponding funda- 
mental vector fields on P. □ 

The fibred coordinates @ of a fibred manifold Y are called adapted to the vertical 
splitting (|T^ if the induced coordinates of the vertical tangent bundle VY take the form 

y' = y' oa 

where {x^,y^) are bundle coordinates of Y. In this case, coordinate transformations 
y* — >• y'^ are independent of the coordinates ?/*. 

For instance, linear bundle coordinates of a vector bundle and affine bundle coordinates 
of an affine bundle are always adapted to their canonical vertical splittings (^5|) where 
y* = y^ and ( ]T6| ) where y* = y*. 

We shall refer to the following fact. 

Lemma 3.8. Let Y —>■ X and Y' ^ X he fibred manifolds and ^ : Y ^ Y' a. fibred 
morphism over X. Let V^ be the vertical tangent morphism to $. If Y' admits vertical 
splitting 

VY' = Y'xY, 

X 

then there exists the linear bundle morphism 

V^:VY^YxY' (18) 

over Y given by the coordinate expression 

y''oV^ = dj¥y^. 
D 
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4 Tangent-valued forms 

Tangent-valued forms play the prominent role in the mathematical technique which we 
utilize. Connections and the major ingredients in the jet manifold machinery are phrased 
in terms of tangent- valued forms. 

Recall that an exterior r-form on a manifold M with local coordinates {z^)-, by defini- 
tion, is a section 

= 0Ai...A,c?-2^' A ... A dz^"- 

r 

of the skew-symmetric tensor bundle A T*M . Its contraction with a vector field 

u = u^d^ 
on M is given by the expression 

r 

p=l 

dz^^ A ... A dz^p-'' A dz^p+^ A ... A dz^'' . 



We denote by AT*{M) the sheaf of exterior r- forms on a manifold M. 
A tangent-valued r-form on a manifold M is defined to be a section 

= €^...xAz^' A ... A dz^^ ® d^ 

of the bundle 

Kt*M ®TM ^ M. 

In particular, tangent-valued 0-forms are vector fields on M. 

Example 4.1. There is the 1:1 correspondence between the tangent- valued 1-forms 

e-.M-^ T*M (g) TM 

on M and the linear bundle morphisms 

e : TM -^ TM, 

e ■ T,M 3 t ^ t\e{z) G T,M, (19) 



and 



e : T*M -^ T*M, 

e : T*M 3t* ^ e{z)\t* G T^M, 
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over M. For instance, Id^M corresponds to the canonical tangent- valued 1-form 

Om = dz^ dx, 
dx\9M = dx, 

on the manifold M. □ 

Tangent-valued r-forms on a manifold M constitute the sheaf 

Ar*(M)®r(M) 

where T{M) is the sheaf of vector fields on M. The sheaf T{M) is brought into the 
sheaf of Lie algebras with respect to the commutation bracket. This algebraic structure 
is generalized to tangent-valued forms on M by means of the Frolicher-Nijenhuis (F-N) 
bracket. 

The F-N bracket is defined to be the sheaf morphism 

A T* (M) ® T(M) X A T* (M) ® T(M) ^ T T* (M) ® T(M) , 

[(f), a] = [a ® u, l3 ® v] 

= a ApiS)[u,v] + a A L„/3 (g) t; - {-ly-'P A L^a u 
+ {-lY{v\a) Adf3^u- {-lY'+'{u\f3) Ada^v, 

aeAT*{M), (3eAT*{M), u,veT{M), 
where L^ and L^ are the Lie derivatives of exterior forms. Its coordinate expression reads 

~i~^y^Xi...Xs^''^Xs + l...Xr + s ~ '^^Xl...Xr-lu'^^r(^Xr+l...Xr + s 

The F-N bracket brings the sheaf of tangent-valued forms into the sheaf of graded Lie 
algebras: 

[0,a] = -(-l)I^IH[a,0], 

[^,[0,a]] = [[^,0],a] + (-l)l''ll<^l[0,[^,a]], 
0,a,^G AT*(M)®T(M), 
where by | | is meant the degree of the form 0. 
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Given a tangent-valued form 9, the Nijenhuis differential is defined to be the sheaf 
niorphisni 

de:(T^de(l)=[e,al (20) 

ded^-{-l)\'^\\'k^de = dye,r,]. 

Example 4.2. If ^ = m is a vector field on the manifold M , we get the Lie derivative 
of tangent- valued forms 

+s(^x,...x,.,^dxy)dx^' A ... A dx^' ® (9^. 
D 

The Nijenhuis differential (^) can be extended to exterior forms by the rule 

dea = aA L^a + {-lyda A {u\a) = 9\da + {-lYd{9\a), (21) 

e = a0u, aEAT*{M), ueT{M), a E AT*{M). 
Its coordinate expression is 

H-^r'sa,,...,^_,^d,^e'i^^^,„^^Jdz^^ A ... A rfz^--. 

Example 4.3. \i 9 = O^j, the Nijenhuis differential (0) recovers the familiar exterior 
differential 



doj^^a = da. 



n 



Let y ^ X be a fibred manifold provided with the fibred coordinates (|^). Hencerforth, 
we shall mean by differential forms (or simply forms) on fibred manifolds exterior forms, 
tangent- valued forms and pullback- valued forms. 

We consider the following particular subsheafs of exterior and tangent-valued forms 
on a fibred manifold Y —>■ X: 

• exterior horizontal forms 

: F ^ A T*X, 

= 0Ai...A,(z/)c?x^' A...Arfx^'-; 
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tangent-valued horizontal forms 

: r ^ A T*X (g) TY, 

= dx^^ A ... A dx"^^ ® [rx,...xM9, + K...xM9i\; 

tangent-valued projectable horizontal forms 

= dx^' A ... A dx^^ ® [0^,...A.(a^)5M + <t>M...XriyM, 

vertical- valued horizontal forms 

(l):Y ^AT*X®VY, 

Y 

(p = (p\,...xAy)dx''' A . . . A dx^^ di. 



Example 4.4. Recall that a vector field u 

on a fibred manifold F — > X is termed projectable when it covers a vector field r„ on 
X such that the following diagram commutes: 



Y -H^TY 


■K 
} 


{ — >T 

Tu 


T-K 

X 


u = u^'{x)d^ + u\y)di, 


Tu = u^{x)d^. 


In particular, a vertical vector field 







u = u'di:Y ^ VY 
on y is a projectable vector field which covers r^ = 0. □ 

Example 4.5. Vertical-valued horizontal 1-forms 

a:Y ^ T*X (g) VY, 

Y 

a = a\dx^ (g) (9j, 
on Y are termed the soldering forms. □ 
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By pullback-valued forms on a fibred manifold Y ^ X are meant the morphisms 

Y ^AT*Y(g)TX, (22) 

Y 

and 

Y ^AT*Y(g)V*X, (23) 

Y 

= (l)Xi...xAy)dx^' A ... A dx^'- (g) dy\ 



Note that the forms (22) are not tangent-valued forms. The puUbacks 

(f) = (f)'^^ j^^Xx)dx^^ A ... A dx^"- (g) df, 

of tangent-valued forms on X onto F by vr exemplify the pullback-valued forms (^2]). In 
particular, we shall refer to the pullback 'ir*6x of the canonical form 6x on the base X 
onto Y by vr. This is a pullback-valued horizontal 1-form on Y which we denote by the 
same symbol 



Ox -.Y -^ T*X (g) TX, 

Y 

Ox = dx^ ® ^A. (24) 



The pullback-valued forms ( P^D are exemplified by the canonical bundle monomor- 
phism 

Ar*X®r*F-^"A^T*F 

Y Y 

CO <S>dy' h^ uj A dy\ (25) 

All horizontal n-forms on a fibred manifold Y —>■ X are called horizontal densities. 

5 First order jet manifolds 

The major ingredients in the jet machinery are the following. 

• Jet spaces of sections of fibred manifolds are finite-dimensional manifolds. 

• Jets are expressed into familiar tangent-valued forms. 

• There exists the canonical horizontal splitting of the exact sequences ( p.la| ) and (|llb| ) 
over the first order jet manifolds. 
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Given a fibred manifold F ^ X, let us consider the equivalence classes j.Js, x G X, of 
sections s of F so that different sections s and s' belong to the same class j^s if and only 
if 

Ts \t^x= Ts \t^x ■ 

Roughly speaking, sections s & j^s are identified by their values 

s*(x) = s'\x) 

and values of their first order partial derivatives 

df,s\x) = d^s'\x) 

at the point x of X. One terms j^s the jet of s at the point x & X. We denote by J^Y 
the set of all jets of sections of a fibred manifold Y . 
There are the natural surjections 

TTi : J^Y 3 jIs ^xeX, (26) 

and 

TToi : J'Y 3 jIs ^ s{x) G F, (27) 

which form the commutative diagram 

jly I^Y 
X 

There exist several equivalent ways in order to provide the jet set J^Y with the ma- 
nifold structure. The result is the following. 

Proposition 5.1. Let F — > X be a fibred manifold endowed with fibred coordinate 
atlases (^. The jet set J^Y of F, being provided with the adapted coordinate atlases 

{x\y\y\), (28) 

{x\y\y\){3ls) = {x\s\x),dxs\x)), 



dy'^ j dy'^ , dx'^ 



yx = iihyi + if::)Tr^^ (29) 



satisfies the conditions which we require of a manifold. It is called the first order jet 
manifold (or simply the jet manifold) of Y. The surjection ( p6|) is a fibred manifold. The 
surjection ( [27| ) is a bundle. If F — > X is a bundle, so is the surjection (pGf). □ 
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A glance at the transformation law ( PP| ) shows that the bundle J^Y ^ F is an affine 
bundle. We call it the jet bundle. It is modelled on the vector bundle 

T*X ®VY ^Y. (30) 

Y 

Example 5.2. Let Y be the trivial bundle 

pr 2 : l^ X 



m- , TOrra 



The corresponding jet manifold J^Y -^ M™ [Eq.(PB[)] is a trivial bundle. Note that, if a 
fibred manifold F — > X is trivial, the fibred jet manifold J^Y -^ X fails to be trivial in 
general. For instance, the jet manifold of the bundle 

pr 2 : M X X ^ X 

is the affine bundle modelled on the pullback 

T*X^W 

X 

which is not a trivial bundle over X in general. □ 



Example 5.3. Given fibred manifolds Y ^ X and Y' — > X, there is the natural 
diffeomorphism 

J^{YxY') = J^YxJ^Y'. (31) 

XX 

D 



Proposition 5.4. There exist the following canonical affine bundle monomorphisms 
over Y: 

(i) the contact map 

\:J^Y'~^T*X®TY, (32) 

Y 

\ = dx^®dx = dx^ {dx + y\di), 
(ii) the complementary morphism 

01 : J^Y ^ T*Y ® VY, (33) 

e^ = dy' ^di = {dy' - y\dx^) ® di. 
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These monomorphisms enable us to handle jets as familiar tangent-valued forms. 

Let $ be a fibred morphism of a fibred manifold Y ^ X to a fibred manifold Y' ^ X 
over a diffeomorphism / of X. There exists the first order jet prolongation (or simply the 
jet prolongation) of $ to the morphism 



J^<l> : J^Y -^ J^Y', 



(34) 



It is both an afiine bundle morphism over $ and a fibred morphism over the diffeomor- 
phism /: 

jiy Z^ jiy' 



•""01 



7!" 01 



Y — > Y' 



X — y X' 
f 



The first order jet prolongations (|3^) of fibred morphisms satisfy the chain rules 

ji($o$') = ji$o Ji$', 

J^(Idy)=Id. 



-jiy- 



If $ is a surjection [resp. an injection], so is J^$. 

In particular, every section s of a fibred manifold Y ^ X admits the first order jet 
prolongation to the section s = J^s of the fibred jet manifold J^Y —>■ X: 



We have 



where A is the contact map (|3 
Every vector field 



{J^s){x)=jls, 
{y\y\)oj's = {s\x),dxs\x)). 

A o J^s = Ts 



u = u^dx + u'di 



(35) 
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on a fibred manifold Y —>■ X has the jet hft to the projectable vector field 

u = u^dx + u'd, + {dxu' + yid.u' - y;dxu'')d^, (36) 

on the fibred jet manifold J^Y —>■ X where J^TY is the jet manifold of the fibred manifold 
TY — !► X. To construct m, we use the canonical fibred morphism 

ri : J^TY -^ TJ^Y, 

yi°n = iy')x - vlxl 

over 

J^Yx TY. 

Y 

In particular, there exists the canonical isomorphism 

VJ^Y = J^VY, (37) 

yi = iy')x. 

where J^VY is the jet manifold of the fibred manifold VY -^ X and VJ^Y is the vertical 
tangent bundle of the fibred manifold J^Y ^ X. As a consequence, the jet lift (^) of 
a vertical vector field u on the fibred manifold F — > X consists with its first order jet 
prolongation to the vertical vector field 

u = j\ = u'di + {dxu' + y{dju')dl 

on the fibred jet manifold J^Y ^ X. 

If y — i> X is a bundle endowed with an algebraic structure, this algebraic structure 
also has the jet prolongation to the jet bundle J^Y — > X due to the jet prolongations of 
the corresponding morphisms. 

Example 5.5. If y is a vector bundle, J^Y -^ X does as well. In particular, let Y 
be a vector bundle and () the linear fibred morphism 

: r xr*-^X xM, 
ro{)= y'yi^ 

where (?/*) and (^) are the dual bundle coordinates of Y and Y* respectively. The jet 
prolongation of () is the linear fibred morphism 

JH): J^Yx J^Y* -^ T*X x M, 

" X X 



x^oJ^O = y'^y^ + y'vif,. 
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Example 5.6. Let Y ^ X and Y' -^ X he vector bundles and ® the bilinear bundle 
morphism 

®:YxY'^Y(g)Y', 

XXX 
y*^ o (g) = y^y''. 

The jet prolongation of ® is the bilinear bundle morphism 

J^® : J^Y X J^Y' ^J\Y® Y'), 

X X ^ X 

< o Ji® = y'^y'' + y'yl. 

n 



Example 5.7. If Y is an afiine bundle modelled on a vector bundle F, then J^Y -^ X 
is an affine bundle modelled on the vector bundle J^Y —* X. □ 



Example 5.8. Let J^P be the first order jet manifold of a principal bundle P ^ X 
with a structure Lie group G. The jet prolongation 

J^P X J\X xG)^ J^P 

of the canonical action (Q) brings the jet bundle J^P ^ X into a general affine bundle 
modelled on the group bundle 

J\X xG)=Gx {T*X ® gi) (38) 

over X. The jet bundle J^P —>■ X however fails to be a principal bundle since the group 
bundle (^8]) is not a trivial bundle over X in general. At the same time, J^P is the G 
principal bundle 

CxP^C 

X 

over the quotient 

C = J^P/G (39) 

of the jet bundle J^P — > P by the first order jet prolongations of the canonical morphisms 
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Application of jet manifolds to differential geometry is based on the the canonical 
morphism 

J^Y xTX ^ J^Y X TY 

Y Y 

over J^Y what means the canonical horizontal splitting of the tangent bundle TY deter- 
mined over J^Y as follows. 

The canonical morphisms (B^ and (Bl) give rise to the bundle monomorphisms 



\:J^YxTX3dx^dx = dx\\EJ^YxTY, (40) 

X Y 

01 : J^Y X V*Y 3 dy' ^ dy' = 9i\dy' G J^Y x T*F, (41) 

dx = dx + y\di, dy' = dy' - y{dx^. 
The morphism (|^) determines the canonical horizontal splitting of the puUback 

J^Y xTY = X{TX) © VY, (42) 

Y J^Y 

x'-dx + ij'd, = x\dx + y\d,) + {f - i^yl)9,. 
Similarly, the morphism ( Pj) yields the dual canonical horizontal splitting of the pullback 

jiy X T*Y = T*X © ei{V*Y), (43) 

Y JiY 

xxdx^ + yidy' = (xx + yiy\)dx^ + yi{dy' - y\dx^). 

In other words, over J^Y , we have the canonical horizontal splittings of the tangent and 
cotangent bundles TY and T*Y and the corresponding splittings of the exact sequences 
( ITTi] ) and ([TIb| ). 



Example 5.9. Building on the canonical splittings (^2]) and (^3]), one gets the fol- 
lowing canonical horizontal splittings of 

• a projectable vector field 

u = u^dx + u% = uh + uv= u^dx + y\d,) + {u' - u^y\)di (44) 

on a fibred manifold Y ^> X, 

• an exterior 1-form 

a = axdx^ + a^dy"- = {ax + y\ai)dx^ + (Ti(c/|/* - y\dx^), 
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• a tangent-valued projectable horizontal form 

= dx>^^ A ... A dx'^- ® [<p',„„,M + y;d.) + (0\,..,^ - K...xy,)^^] 

and, e.g., the canonical l-form 

Oy = dx^ ^dx + dy' ®di = X + 6i= dx^ ® dx + dy' (g) di 

= dx^ ® {dx + y\di) + {dy' - y\dx^) ® d,. (45) 

n 

The splitting ( ^Sj ) implies the canonical horizontal splitting of the exterior differential 

d = d^Y = du + dv = dx + dg^. (46) 

Its components d^ and dy act on the pullbacks 

(pXr...xMdx^' ^ ■ ■ ■ ^ dx^" 

of horizontal exterior forms on a fibred manifold Y —* X onto J^Y by ttqi. In this case, 
dn makes the sense of the total differential 



(^M + y'A)(l)x,...xMdx'' A dx^' A ... A dx^"-, 



dH4>Xi...Xr{y)dx^^ A . . . Adx 

i 
h 

whereas dy is the vertical differential 

dv(f)Xi...Xr{y)dx^' A.-.Adx^"- 

= di(j)x,...xMidy' - yidxf") A dx^' A ... A dx^\ 

li (j) = (l)uj is an exterior horizontal density on F ^ X, we have 

d(j) = dv<t> = di(j)dy^ A oj. 
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Lecture 2. GENERAL CONNECTIONS 

The most of differential geometric methods in field theory are based on principal 
connections which model mediators of fundamental interactions. We follow the general 
concept of connections as sections of jet bundles, without appealing to transformation 
groups. 

6 First order connections 

One can introduce the notion of connections in several equivalent ways. We start from 
the traditional definition of a connection as horizontal splitting of the tangent space to Y 
at every point y &Y. Roughly speaking, a connection on a fibred manifold Y ^ X sends 
every tangent vector x^dx to the base X at x = 7i{y) to the tangent vector 

x\d, + T\{y)d,) 

to Y at y. 

Definition 6.1. A connection on a fibred manifold Y ^ X is defined to be horizontal 
splitting of the exact sequences ( p.la| ) and ( |1 1 b| ) . It means that there exists an imbedding 



Tt-.TX--^ TY, (47) 



such that 



Y 



TY = TTiTX)®VY. (4J 



The imbedding (^) implies the linear bundle morphism 



T = Tt0 71t:TY ^ TY, 

x^dx + y'd, ^ x\dx + r\{y)d,), (49) 



which meets the conditions 



r^ = r, TV = Ker T 



and is given by the corresponding tangent- valued 1-form F [Eq.([l9D] associated with the 
splitting {^7\). This form, in turn, yields the linear bundle morphism 

p . j^*Y ). 'T*Y 

xxdx^ + ydy" ^ {xx + T\{y)y,)dx^, (50) 
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which meets the conditions 

r = r, r \t*x= idT*x 

and determines the horizontal sphtting 

Tt : V*Y-^{eY - T){T*Y) C T*Y, 

T*Y = T*X © TTiV*X), (51) 

of the exact sequence (|llb| ) . The relations (^91) and (|50|) lead to the equivalent definition 
of connections as tangent- valued forms. 

Definition 6.2. A connection on a fibred manifold Y -^ X is defined to be a tangent- 
valued projectable horizontal 1-form F on y such that 

for all exterior horizontal 1-forms on Y. It is given by the coordinate expression 

T = dx^®{dx + T\{y)di), (52) 



r'; = i^^n + 






It is readily observed that the canonical horizontal splitting ( ^2]) and ( ^31) of the 
tangent and cotangent bundles TY and T*Y of Y over the jet bundle J^Y — > Y enable us 
to recover the horizontal splittings (^) and (^) by means of a section of this jet bundle. 

Definition 6.3. A first order jet field (or simply a jet field) on a fibred manifold Y 
is defined to be a section F of the affine jet bundle J^Y -^ Y. A first order connection F 
on a fibred manifold Y is defined to be a global jet field 

F : F -^ J% 

ylor = r\{y). (53) 

D 

By means of the contact map A [Eq.(p^)], every connection F [Eq.(|53D] on a fibred 
manifold Y —>■ X can be represented by a tangent-valued projectable horizontal 1-form 
A o F [Eq.(^)] on Y which we denote by the same symbol F. 
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Substituting a the connection T [Eq.(|52D] into the canonical horizontal splittings ( |1^ ) 
and (0), we obtain the familiar horizontal splitting 

x^dx + y% = x\dx + rid,) + {y' - x^T\)di, 

xxdx^ + ijidy' = {xx + T\yi)dx^ + iji^dy' - T\dx^) (54) 

of the tangent and cotangent bundles TY and T*Y with respect to the connection F on 
Y . Conversely, every horizontal splitting (|54D determines a tangent- valued form (|52D and, 
consequently, a global jet field on F -^ X. 

Example 6.4. Let y — >^ X be a vector bundle. A linear connection on Y reads 

T = dx^(^[dx-rjx{x)y^di]. (55) 

D 

Example 6.5. Let F — ;> X be an affine bundle modelled on a vector bundle F — > X. 
An affine connection on Y reads 

r = dx" ® [dx + {-r,x{x)y' + T\{xm] 

where 

r = dx^ ® [^A - r,x{x)fd,] 

is a linear connection on F. □ 



Example 6.6. Let F be a connection on a fibred manifold F — > X and F' a connection 
on a fibred manifold Y' ^> X. In accordance with the isomorphism (^l]), there exists the 
unique connection F x F' on the product F x F such that the diagram 

X 

J^Y ^J^Y' — > J^iY^Y') 

X X 



{r,r') \/ rxP 



Y xY' 

X 



commutes. It is called the product connection. □ 

Let F be a connection on a fibred manifold F — > X and $ a fibred diffeomorphism of 
y to a fibred manifold Y' -^ X over a diffeomorphism of X. Then, the composition 

F' = J^$oFo$-i 
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^from the commutative diagram 



jiyil* jiy 



Y — > Y' 



is a connection on the fibred manifold Y' . In particular, if $ is a fibred diffeomorphism 
over X, we have 

Since the affine jet bundle J^Y — > F is modelled on the vector bundle (|30D, connections 
on a fibred manifold Y constitute the affine space modelled on the linear space of soldering 
forms on Y . It follows that, if F is a connection and 






,'^dx^ (g) di 
is a soldering form on a fibred manifold Y, its sum 

T + a = dx^®[dx + {T\ + a\)d,] 

is a connection on Y. Conversely, if F and F' are connections on a fibred manifold Y, 
then 

F - F' = (Fl - T'\)dx^ ® d, 

is a soldering form on Y. 

One introduces the following basic forms involving a connection F and a soldering 
form a: 

• the curvature of F: 

R = -rfrF = ^R^x^dx^ A dx^ ® (9, = 

^(9,F; - d,T\ + T{d,T; - T^^d,T\)dx' A dx^ ® df, (56) 

• the torsion of F with respect to a: 



1 
2 



Q = d„r = dra = ^^ii^dx^ A dx^ O di 



{d,a; + Tid.a; - djT\a^^)dx' A dx^ ® df, (57) 



the soldering curvature of a: 



e = -d„o = -e\^dx^ A dx^ ® d-i = 

^(^A'S'i^J. - (rldj(ri)dx^ A ds^ ® 9^. (58) 
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They satisfy the following relations: 



r' = r + a, 

R' = R + e + n, 

n' = n + 2e. 



Example 6.7. The curvature (|56|) of the linear connection (^) reads 

R^jXfi = dxT^jpi — d^T^jx + r j^T'^kx — T jx^^k^i■ (59) 



D 

A connection F on a fibred manifold Y —* X yields the afiine bundle morphism 

Dr: J^Y 3 z^z- T{ttoi{z)) G T*X ® VY, (60) 

Dr = {y\ - T\)dx^ ® d^. 

It is called the covariant differential relative to the connection F. The corresponding 
covariant derivative of sections s of F reads 

Vrs = Dro J^s = [dxs' - (F o s){]dx^ ® di. (61) 

In particular, a section s of a fibred manifold y — ^ X is called an integral section for a 
connection F on y if Vps = 0, that is, 

Fos = J^s. (62) 

Now, we consider some particular properties of linear connections on vector bundles. 

Let y ^ X be a vector bundle and F a linear connection on Y. Then, there is the 
unique linear connection F* on the dual vector bundle Y* ^ X such that the following 
diagram is commutative: 

J^YxJ^Y*^T*XxR 



rxr* 



X 



YxY* — > X X 
X {) 



Oxid 



where is the global zero section of the cotangent bundle T*X. The connection F* is 
called the dual connection to F. It has the coordinate expression 

Ha = -T^ixix)yj. 
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Example 6.8. A linear connection K on the tangent bundle TX of a manifold X and 
the dual connection K* to K on the cotangent bundle T*X are given by the coordinate 
expressions 



1 



K^ = K\^{x)x,, (63) 



D 



Let Y and Y' be vector bundles over X. Given linear connections F and T' on Y and 
Y' respectively, there is the unique linear connection F ® F' on the tensor product 



such that the diagram 



Y®Y' ^X 

X 



nvi J^<», Ti/ 



X X 



rxT' 



r(g)r' 



YxY' — > Y^Y' 

X ® X 

commutes. It is called the tensor product connection and has the coordinate expression 

(F ® V't = V'.xy'"' + T'^^y'K 

Example 6.9. The vertical tangent morphism VT to F defines the connection 

VT -.VY ^ VJ^Y = JWY, 

VT = dx' id, + Fl|- + d,T\y^^^), (64) 

on the composite manifold VY -^ Y -^ X due to the canonical isomorphism (0). The 
connection VT is projectable to the connection F on Y, and it is a linear bundle morphism 
over F. The connection (p¥) yields the connection 



VT = dx' ® (d, + Fl A _ d,T\y,^) (65) 

on the composite manifold V*Y ^ Y ^ X which is the dual connection to VT over F. □ 
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7 Second order jet manifolds 

Considering the first order jet manifold of tlie fibred jet manifold J^F — * X, we come to 
several second order jet manifolds. They are (i) the repeated jet manifold J^J^Y, (ii) the 
sesquiholonomic jet manifold J Y and (iii) the second order jet manifold J^Y of Y. A 
first order connection on the fibred jet manifold J^Y — > X, by definition, is the second 
order connection on the fibred manifold Y —>■ X. 

Definition 7.1. The repeated jet manifold J^J^Y is defined to be the first order jet 
manifold of the fibred jet manifold J^Y ^ X. □ 

Given the coordinates (p9|) of J^Y, the repeated jet manifold J^J^Y is provided with 
the adapted coordinates 

ix\y\ylyl^,y\^). (66) 

There are the following two repeated jet bundles: 

(i) TTii : JV^F -^ J% (67) 

Vx ° ^11 = Vx^ 
(U) JVoi : jV^r -^ J% (68) 

yloj\o^ =y\xy 

Their afiine difference over Y yields the Spencer bundle morphism 

5 = j\oi - vTii : jV^r -^ T*X ® VY, 

Y Y 

xx®y'o5= (A)* - y\. 
The kernel of this morphism is the sesquiholonomic affine subbundle 

J^Y -^ J^F, (69) 

y\\) = z/A, 

of the repeated jet bundles (|67D and (|^). It is modelled on the vector bundle 

®T*X ® VY. 

Given the coordinates (|66D of J^J^Y, the sesquiholonomic jet manifold J^Y is coordina- 
tized by 

{x^,y\y\,y\^). 
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Definition 7.2. The second order jet manifold J^Y of a fibred manifold Y ^ X is 
defined to be the afiine subbundle 

7ri2 : J^Y -^ J'Y, (70) 

of the bundle (^) which is modelled on the vector bundle 

\/T*X (g) VY. 

It is the union of all equivalence classes j^s of sections s oiY —^ X such that 

y\{jls) = dxs^x), y^jls) = d,d,s\x). 

n 

In other words, sections s G j^s are identified by their values and values of their first 
and second order derivatives at the point x G X. Given the fibred coordinates (^) of the 
repeated jet manifold J^J^Y, the second order jet manifold J^Y is coordinatized by 

We have the following afiine bundle monomorphisms 

over J^Y and the canonical splitting 

Py = PY © (A T*X ® VY), 

. 1 . . 1 . . 

Vxfi = '^{'Ux/i + ylix) + (gv^V ~ vlix)- 

Let $ be a fibred morphism of a fibred manifold Y —>■ X to a. fibred manifold Y' -^ 
X over a diffeomorphism of X. Let J^$ be its first order jet prolongation (P^. One 
can consider the first order jet prolongation J^J^^ of the fibred morphism J^$. The 
restriction of the morphism J^J^^ to the second order jet manifold PY of Y is called 
the second order jet prolongation J^$ of a fibred morphism $. 

In particular, the repeated jet prolongation J^J^s of a section s of F — > X is a section 
of the fibred manifold J^J^Y —>■ X. It takes its values into PY and consists with the 
second order jet prolongation Ps of s: 

iJ'j's)ix) = iPs)ix)=£s. 
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Given a second order jet manifold J^Y of Y , we have (i) the fibred morphism 

r2 : J'^TY -^ TJ% 

and (ii) the canonical isomorphism 

VJ^Y = J^VY 

where J^VY is the second order jet manifold of the fibred manifold VY — »• X and VJ^Y 
is the vertical tangent bundle of the fibred manifold J^Y —>■ X. 

As a consequence, every vector field m on a fibred manifold Y ^ X admits the second 
order jet lift to the projectable vector field 

M2 = r2 o J\ : J^Y -^ TJ'^Y. 

In particular, if 

u = u^dx + u'di 

is a projectable vector field on Y, its second order jet lift reads 



[{d. + y'A + yk9',){dx + y%y - 2/;iL - yl.i'M''- (7i) 

There exist the following generalizations of the contact map (^) and the complemen- 
tary morphism (^) to the second order jet manifold J^Y: 

ii) X: J^Y -^ T*X (g) TJ% 

A = rfx^ ® 9a = dx^ ® {dx + y\d, + yl^d^), (72) 

(li) 01 : J^Y -^ T*J^Y ® VJ% 

Oi = (dy^ - y\dx') ®d, + (dy; - y^.dx') dt . (73) 

The contact map (^) defines the canonical horizontal splitting of the exact sequence 

-^ VJ^Y ^ TJ^Y -^ J^Y xTX ^0. 

Hence, we get the canonical horizontal splitting of a projectable vector field u on J^Y 
over J^Y: 

u = uh + uv = u^[dx + y\ + y'f,x\ 

+ [iu^-yW)d, + in^^-yiy)dt]. (74) 
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Building on the morphisms ( |72D and (|75D, one can obtain the horizontal splittings of 
the canonical tangent-valued 1-forni 

9jiY = dx^ 0dx + dy' ® di + dy^® d'^ = \ + Oi 

on J^Y and the exterior differential 

d = df)^^^ = dx + dg^ = dn + dy. (75) 



They are similar to the horizontal splittings (|45|) and (0). 
Now, we consider connections on jet manifolds. 

Definition 7.3. A second order jet field [resp. a second order connection] F on a 
fibred manifold Y —y X is defined to be a first order jet field [resp. a first order connection] 
on the fibred jet manifold J^Y -^ X, i.e. this is a section [resp. a global section] of the 
bundle (|3). □ 

In the coordinates ( |66|) of the repeated jet manifold J^J^Y, a second order jet field T 
is given by the expression 

ivx^ yU^ vxp) ° r = {y\, rj^), F;^^). 

Using the contact map (|72|), one can represent it by the tangen- valued horizontal 1-form 

T = dx^®{d,+r^^^d,+r^^d^) (76) 

on the fibred jet manifold J^Y -^ X. 

A second order jet field F on F is termed a sesquiholonomic [resp. holonomic] second 
order jet field if it takes its values into the subbundle J^Y [resp. .PY] of J^J'^Y. We 
have the coordinate equality Vr. = y^ for a sesquiholonomic second order jet field and 

the additional equality F_;^^ = F^;^ for a holonomic second order jet field. 

Given a first order connection F on a fibred manifold Y -^ X, one can construct a 
second order connection on Y, that is, a connection on the fibred jet manifold J^Y -^ X 
as follows. 

The first order jet prolongation J^T of the connection F on F is a section of the 
repeated jet bundle (|55D, but not the bundle tth (0). Let K* be a linear symmetric 
connection (|63|) on the cotangent bundle T*X of X: 



Kl, = K\,x^, 


K\, = K%, 


There exists the affine fibred morphism 




TK : J^J^Y -^ J^J% 


tk o tk = Id 
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ivl yU^y\^i) ° ^K = {ylx),y;, y^x + K'^xMa - vU))- 

Using the coordinate transformation law of coordinates (pBD, one can verify the following 
relations 

li fi li li 

y^,°rk=y^^), yi^^)°rk = y^, 

/i li j^ia I li n \ 

y \i,°rk = y ^x + K \^,[y a-y {a))- 

Hence, given a first order connection F on a fibred manifold F — ^ X, we have the second 
order connection 

JT = dx^ ® [d, + r;9, + (9,r; + d.r^yi - K\,{yi - r^))9^], (77) 

on Y . This is an afiine morphism 

71"01 

Y — > J^Y 

r 

over the first order connection F. 

Note that the curvature R ([56| ) of a first order connection F on a fibred manifold 
Y ^ X induces the soldering form 

an = R^^dx^ ® dl (78) 

on the fibred jet manifold J^Y —>■ X. Also the torsion (|57D of a first order connection 
F with respect to a soldering form a on Y ^ X and the soldering curvature (^) of a 
determine soldering forms on J^Y -^ X . 

8 Principal connections 

The general approach to connections as jet fields is suitable to formulate the classical 
concept of principal connections. 

Unless otherwise stated, a structure group G of a principal bundle is assumed to be a 
real finite-dimensional Lie group, and dimG > 0. 

If P ^ X is a principal bundle with a structure group G, the exact sequence ( |lla| ) 
can be reduced to the exact sequence 

-^ V^P ^ T^P -> TX ^ (79) 

where 

rpGp ^ J^pjQ^ yGp ^ YpjQ 
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are the quotients of the tangent bundle TP of P and the vertical tangent bundle VP of 
P respectively by the canonical action (^) of G on P on the right. The bundle V'^P -^ X 
is called the adjoint bundle. Its standard fibre is the right Lie algebra g^ of the right- 
invariant vector fields on the group G. The group G acts on this standard fibre by the 
adjoint representation. 

A principal connection A on a principal bundle P ^ X is defined to be a G-equivariant 
global jet field on P such that 

J^Tg O A = AO Tg 

for each canonical morphism (P). We have 

Aorg = J^Tg o A, geG, 

A = dx^®{dy + A^{p)e^), J9GP, 

A^{qg) = A^{p)^dg-\e^). 

A principal connection A determines splitting TX "-^ T^P of the exact sequence ([79|) . 

Let A : P ^> J^P be a principal connection. Building on the complementary morphism 
(P^) and the canonical horizontal splitting (p!7[), we recover the familiar connection form 
A = ao 9io A ow the principal bundle P. Given an atlas 

of P, we have the local connection 1-forms 

A^ = z^A = -A^(x)rfx^ ® J„ (80) 

where {z^} is the family of local sections of P associated with the atlas \E'^: 

(pr 2 o ^f o z^) (x) = 1g, X e U^. 

There is the 1:1 correspondence between the principal connections on a principal 
bundle P — > X and the global sections of the bundle (|39|). We shall call C the principal 
connection bundle. It is an affine bundle modelled on the vector bundle 

C = T*X (g) V^P, (81) 

and there is the canonical vertical splitting 

VG = CxC. 

Remark. The bundle C [Eq.(p9D] fails to be a bundle with a structure group. The 
jet prolongation 

J^Px J\X X G) ^ J^P 
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of the canonical action (^) brings the fibred jet manifold J^P -^ X into the general affine 
bundle modelled on the right on the group bundle 

J\X xG) = Gx {T*X X 0;) 

over X. However, the latter fails to be generally a trivial bundle because of T*X. There- 
fore, J^P —i> X is not a principal bundle. At the same time, the bundle 

J^P = CxP ^C 

X 

is the G-principal bundle over C. □ 

Given a bundle atlas ^^ of P, the principal connection bundle C is provided with the 
fibred coordinates (x^, k^) so that 

{k^ o A){x) = A^{x) 

are coefficients of the local connection 1-form (0). The first order jet manifold J^C of C 
is endowed with the adapted coordinates 

(^^^^,fc^A)• (82) 

The affine jet bundle J^C —> C is modelled on the vector bundle 

T*X®iC xT*X®V^P). 
c 

There exists the canonical splitting 

J^C = C+®C^ = (J^P/G) ©(A T*X ® V^P) (83) 

c c c 

over C where 

C_ = C X A T*X ® V^P 

X 

and G+ — i> C is the affine bundle modelled on the vector bundle 

C+ = V T*X ® V^P. 
c 

In the coordinates (0), the splitting (|83D reads 

where c^„ are structure constants of the Lie algebra Qr with respect to its basis {Im}- 
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There are the corresponding canonical projections 



and 



S: = 


- pri : J'C ^ C+, 




— i.™ _l_ i-™ _l_ n^h'^h^ 


T := 


-- pr2 : J^C -^ C_, 


T = 


-^™rfa;^ A dx^ Irn, 




— l^piX I^X/i '^nl'^X'^fj,- 



For every principal connection A, we observe that 

J^oJ^A = F, 

F = \FT,dx^ A dx^' ® /„, 

is the strength of A. 

Given a symmetric linear connection K* on the cotangent bundle T*X of X, every 
principal connection A on a principal bundle P gives rise to the connection 

Sa-.C ^C+, SaoA = So J^A, 

on the principal connection bundle C. In the coordinates (|8^), the connection Sa reads 

-CiK^i + ^a4)] - K^,xiA^ - k^)- (84) 



'5A™A = o[CfcA^i + 5.^r + 5AA- 



Let y — i> X be a bundle associated with a principal bundle P ^ X. The structure 
group G oi P acts freely on the standard fibre \^ of y on the left. The total space of the 
P-associated bundle Y, by definition, is the quotient 

Y = {Px V)/G 

of the product P x V^ by identification of its elements {pg x gv) for all g E G. For each 
P associated bundle Y, there exists the representation morphism 

PxY-*Y. 

X 
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The P-associated bundle Y is provided with atlases ^ = {U^,tp^} associated with 
atlases \l/^ = {U^,z^} of the principal bundle P as follows: 

,lj-\xxV) = [z^ix)]v{V), xeU^, 

where by [p]v is meant the restriction of the canonical map P x V ^ Y to the subset 
p X V. 

Every principal connection A on a principal bundle P yields the associated connection 
r on a P-associated bundle Y such that the diagram 

J^PxV — > J^Y 

Axldy 

PxV — > Y 

is commutative. We call it the associated principal connection. With respect to the 
associated atlases "$ oi Y and \1'^ of P, this connection is written 

r = dx" ® [9a + A^{x)IJjy'd,] (85) 

where A^lx) are coefficients of the local connection 1-form ( ]80| ) and /^ are generators 
of the structure group G on the standard fibre V of the bundle Y. The curvature of the 
connection (|85|) reads 

9 Higher order jet manifolds 

In this Section, we brief some notions of the higher order jet formalism in order to apply 
them to differential operators. 

We use the multi-index A, | A |= /c for symmetrized collections (Ai...Aa,.)- By A + A is 
meant the symmetrized collection (Ai...AfcA). 

Definition 9.1. The fc-order jet manifold J'^Y of a fibred manifold Y —>■ X is defined 
to comprise all equivalence classes j^s, x E X, oi sections s of y so that sections s and s' 
belong to the same class j^s if and only if 

dAs'{x)=dAs'\x), 0<|A|<A;. 

It is provided with atlases of the adapted coordinates {x^,yX), <| A |< k, which are 
compatible with the natural surjections 

TT.fc : J'Y ^ rY 
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and the composite fibration 

U 

Proposition 9.2. There exists the following fibred monomorphism 

A : J^^^Y -^ T*X (g) TJ'^Y, 

X = dx^® (dx + yUx9h, <| A |< A;, (86) 

whose particular cases are the contact maps (|3^ ) and (|7^). □ 

The /c-order contact map (|86| ) sets up the canonical horizontal splitting of the exact 
sequence 

-^ VJ'^Y ^ TJ^Y -^ J^Y xTX ^0. 

X 

In particular, we get the canonical horizontal splitting of a projectable vector field u on 
J^r -^ X over J'^+^F: 

u = UH + uv= u\dx + yX+xdh + K - yX+x)dt 0<\A\<k. 



This splitting is the fc-order generalization of the splittings ( PI) and (|7TD. 
Given a fc-order jet manifold J'^Y oi Y, we have the fibred morphism 

rfc : J'^TY -^ TJ^Y 

and the canonical isomorphism 

VJ'^Y = J^VY 

where J^VY is the A;-order jet manifold of the fibred manifold VY —^ X and VJ^Y is the 
vertical tangent bundle of the fibred manifold J^Y —>■ X. As a consequence, every vector 
field M on a fibred manifold Y ^ X has the /c-order jet lift to the projectable vector field 

Ufc := rfc o J^M : j'^Y -^ TJ^Y, 



on J^Y where 



i 1 

<+x = dxu\ - vUX^ (87) 



dx = idx + yi+xdf), 0<\E\<k. (88) 

The expression ( pT]) is the /c-order generalization of the expressions ( |36D and ([rl|). 
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Given the fibred jet manifold J^Y -^ X, let us consider the repeated jet manifold 
jijky provided with the adapted coordinates 

(a;^t/\,t/U, |A|<A;. 

Just as in the case of /c = 1, there exist two fibred morphisms of J^J^Y to J^J'^^^Y over 
X. Their difference over J^~^Y is the A;-order Spencer morphism 

J^jky ^T*X (g) VJ^~^Y 

jfe-ly 

where VJ'^^^Y is the vertical tangent bundle of the fibred manifold J'^^^Y -^ X. Its 
kernel is the A;-order sesquiholonomic subbundle J^^^Y of the bundle J^^^Y -^ Y which 
is coordinatized by 

(a;^i/X,i/y, |A|<A;, |S| = A;. 

Proposition 9.3. There exist the fibred monomorphisms 

jky ^ jky ^ J\J''-^Y (89) 

and the canonical splitting 

Jk+ly ^ jk+ly ^ ^j.*^ ^ k-1 ^^^ ^ ^^^ ^ ^g^^ 

Jky Y 

n 

Let $ : y ^ y be a fibred morphism over a diffeomorphism / of X. It yields the 
/c-order jet prolongation 

J'<^ : J'Y 3 jIs ^ jf(,)(<I. o s o /-I) G j'^Y' 

of $. In particular, every section s of a fibred manifold Y ^ X admits the A;-order jet 
prolongation to the section 

of the fibred manifold J^Y — > X. 

We have the following integrability condition. 

Lemma 9.4. Let s be a section of the fibred manifold J^Y -^ X. Then, the following 
conditions are equivalent: 

(i) s = J^s where s is a section oiY ^ X, 

(ii) j^s : X ^ >+ir, 
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(iii) JH:X^ J^+^Y. 
D 

Let Y ^> X and Y' ~^ X he fibred manifolds and J^Y tlie fc-order jet manifold of Y . 
Definition 9.5. Every fibred morphism 

S-.J^'Y^Y' (91) 

is called the fc-order differential operator (of class C°°) on sections of Y (or simply on 
Y). It sends every section s of the fibred manifold Y to the section £ o J^s of the fibred 
manifold Y' . □ 

Building on Proposition 9.3 and Lemma 9.4, we can describe reduction of higher order 
differential operators to the first order ones. 

Proposition 9.6. Given a fibred manifold Y , every first order differential operator 

£" -.J^J^-^Y^Y' (92) 

X ^ ' 

on J^~^Y implies the fc-order differential operator S = £" | j^y on Y . Conversely, if a first 
order differential operator on J^~^Y exists, any A;-order differential operator (|9l|) on Y 
can be represented by the restriction £ = £" \jkY of some first order differential operator 
(H) on J''-^Y to the fc-jet manifold J'^F. □ 



In particular, every fc-order differential operator (^) yields the morphism 

£' ■.= £o^i^:J^Y^Y' (93) 



X 

where prj : jY -^ J^Y is the surjection corresponding to the canonical splitting (pOf). 
It follows that, for every section s of a fibred manifold F — i> X, we have the equality 

£'oJ^J^-^s = £oJ^s. 

Moreover, let s be a section of the fibred {k — l)-order jet manifold J^^^Y -^ X such that 
its first order jet prolongation J^s takes its values into the sesquiholonomic jet manifold 
J^Y . In virtue of Lemma 9.4, there exists a section s oiY ^ X such that s = J^~^s and 

£' oJH = £o J'^s. (94) 

We call £' [Eq.(p3D] the sesquiholonomic differential operator and consider extensions 
of a fc-order differential operator £ [Eq. (|9l|) ] to first order differential operators ( p2|) only 
through its extension to the sequiholonomic differential operator (p3D. 
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Reduction of fc-order differential operators to the first order ones implies reduction 
of the associated fc-order differential equations to the first order differential equations as 
follows. 

Let y -^ X be a composite manifold Y' ^ Y ^ X where F' — > F is a vector bundle. 
Let the /c-order differential operator (0) on a fibred manifold Y he a fibred morphism over 
Y. We say that a section s of y satisfies the corresponding system of /c-order differential 
equations if 

J^s(X)cKer^. (95) 

As a shorthand, we shall write 

Soj\s = 0. 

Let a fc-order differential operator S on Y he extended to a first order differential 
operator S" on J^^^Y. Let s be a section of J'^^^Y -^ X. We shall say that s is a 
sesquiholonomic solution of the corresponding system of first order differential equations 
if 

J^s(X) cKer^'n J'^F. (96) 



Proposition 9.7. The system of the fc-order differential equations (Pq ) and the system 
of the first order differential equations (|96D are equivalent to each other. □ 
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Lecture 3. LAGRANGIAN FORMALISM 



This Lecture is devoted to the Lagrangian formahsm on fibred manifolds and its De 
Bonder Hamiltonian derivation. 

The jet approach to Lagrangian systems has been mainly stimulated by the calculus 
of variations where the Lepagean equivalents of a Lagrangian density play the prominent 
role. The literature on this subject is extensive. Point out basic structural ambiguities 
in the higher order Langrangian formalism when the Cartan forms, Legendre morphisms 
etc. fail to be uniquely defined. Bearing in mind physical applications, we shall restrict 
our consideration to the first order Lagrangian systems whose configuration space is the 
jet manifold J^Y oiY. 

Here, we are not concerned deeply with the variational principle and the calculus of 
variations, but aim to detail different types of field equations which one handles in the first 
order Lagrangian formalism on a fibred manifold Y ^ X. They are the Cartan equations, 
the De Donder-Hamilton equations and three types of Euler-Lagrange equations: (i) the 
algebraic Euler-Lagrange equations for sections of the repeated jet bundle J^J^Y —> 
J^Y, (ii) the first order differential Euler-Lagrange equations for sections of the fibred jet 
manifold J^Y -^ X, and (iii) the second order differential Euler-Lagrange equations for 
sections of the fibred manifold Y ^ X itself. 

To introduce the Euler-Lagrange equations, we start with the notion of the Euler- 
Lagrange operator, for it is the sesquiholonomic first order Euler-Lagrange operator which 
is the Lagrangian counterpart of the Hamilton operator in the multimomentum Hamilto- 
nian formalism. 



10 

Let 



Tf.Y^X 



be a fibred manifold provided with fibred coordinates {x^,y^) [Eq.(^)]. Unless otherwise 
stated, the dimension of X is n > 1, for case of ra = 1 possesses essential percularities and 
corresponds to the time-dependent mechanics. 

In jet terms, a first order Lagrangian density is defined to be a bundle morphism 

L-.J^Y^X T*X 

over Y. It is viewed as an exterior horizontal density 

L = C{x^,y\y;)cu (97) 
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on the fibred jet manifold J^Y — *■ X. The jet manifold J^Y thus plays the role of a 
finite-dimensional configuration space of fields represented by sections oiY^X. 
We further use the notation 

n^ = d^C. 

Remark. In field theory, all Lagrangian densities are polynomial forms relative to 
velocities y\. Note that a polynomial form of degree A; on a vector space E is defined to 
be a linear form on the tensor space 

R®E®...®{^E). 

Given an affine space E modelled on a vector space E, polynomial forms on E are fac- 
torized by morphisms E ^ E. Since the jet bundle J^Y — > F is affine, every Lagrangian 
density of field theory factors as 



n 



L: J^Y^T*X(g)VY ^ AT*X (98) 

Y 



where D is the covariant differential (^0[) relative to some connection on the fibred manifold 

Y^X. a 

With a Lagrangian density L, the jet manifold J^Y carries the the generalized Liouville 
form 

Ol = -Tr^dy' Auj(^dx (99) 

and the Lagrangian multisymplectic form 

Ql = dTc^dy' Aiu®dx. (100) 

They are puUback TX- valued forms on J^Y —>■ X. 

Given a first order Lagrangian density L [Eq.(P7D], its Lepagean equivalent El is an 
exterior n-form on the jet manifold J^Y such that 

J^s*EL = Lojh (101) 

for all sections s of Y. We shall follow the so-called De Bonder- Weyl approach to the 
calculus of variations which is based upon the Cartan forms as Lepagean equivalents. In 
first order theory, Cartan forms consist with the more particular Poincare-Cartan forms. 
In the first order Lagrangian formalism, the Poincare-Cartan form associated with a 
Lagrangian density L always exists and is uniquely defined. This is the exterior horizontal 
n-form on the jet bundle J^Y -^ Y which is given by the coordinate expression 

El = n-dy' AuJx + ttuj, (102) 

n = C- TT^yl 
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With Sx,, we have the following first order differential Cartan equations for sections s 
of the fibred jet manifold J^Y -^ X: 

r{u\dEL)=0 (103) 

where u is an arbitrary vertical vector field on J^Y -^ X. In the coordinate form, these 
equations read 

d^7T^{dxs'-s\) = 0, (104a) 

d,C - {dx + sid, + dxs^^d^)d^C + d,7c^{dxs^ - s{) = 0. (104b) 

Solutions of the Cartan equations ( |103| ) extremize the action functional 

s*El. 

If a section s oi J^Y ^ X is the jet prolongation of a section s oi Y ^ X, the form 
s*'El comes to the familiar Lagrangian form 

L{s) := Loj\s :X^ AT*X 
The corresponding action functional reads 

'l(s). 



X 

This functional is proved to be stationary at a section s iff the jet prolongation J^s oi s 
satisfies the Cartan equations ( |103| ). It means that, on holonomic sections s = J^s, the 
Cartan equations are equivalent to the differential Euler-Lagrange equations. 

In particular, if a Lagrangian density L is regular, the Cartan equations are equivalent 
to the Euler-Lagrange equations since all solutions of the Cartan equations are holonomic. 

We shall introduce the Euler-Lagrange equations as conditions for the kernal of the 
Euler-Lagrange operator. 

The Euler-Lagrange operator can be defined intrinsically as a second order differential 
operator 

o n+1 

8l -.J^Y-^ a T*Y 

Y 

of the variational type. Here, the Euler-Lagrange operator associated with a Lagrangian 
density L will be reproduced as the restriction of a certain exterior form A^ below to the 
repeated jet manifold J^J^Y to the second order jet manifold J^Y. 

Building on the pullbacks of the forms ( |100| ) and (|102|) onto the repeated jet manifold 
J^J^Y by the bundle tth [Eq. (|6^) ], one can construct the exterior form 

Al = dEL -X\nL = ivlx) - y\)drt^ A oo + {d, - dxd^)£dy' A u, (105) 
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on J^J^Y. Its restriction to the second order jet manifold J^Y of Y recovers the famihar 
variational Euler-Lagrange operator 

£l : J^Y^ a T*Y, 

Y 

£l = 5Xdy' ALO=[d,- {d, + y\d, + yl^d1)d^]Cdy^ A u, (106) 



associated with the first order Lagrangian density L [Eq.( 

The restriction of the form ( |105| ) to the sesquiholonomic jet manifold J^Y of Y yields 
the sesquiholonomic extension 

£j^ : J^y ^ "a V*F (107) 



of the Euler-Lagrange operator ( |106| ). It is given by the expression ( |106|) , but with 



nonsymmetric second order derivative coordinates y^ ^^. 

Definition 10.1. Given a Lagrangian density L, a sesquiholonomic jet field 

T = dx>^® {dx + y\d, + r;,9f ) 

on the fibred jet manifold J^Y ^ X is termed a Lagrangian jet field for L if it takes its 
values into Ker£^£: 

^L°r = o, 

d,C - (9, + yid, + r^^d^)d^C = 0. (108) 

D 

One can regard Eqs. ( |108[ ) as the system of linear algebraic Euler-Lagrange equations 
for components F , of a Lagrangian jet field associated with the Lagrangian density L. 

Proposition 10.2. Let the determinant of the Hessian 

d^d^C (109) 

of a Lagrangian density L be different from zero at a point z G J^Y, i.e., L is regular at 
z. Then, on an open neighborhood of z, the algebraic equations ( |108| ) admit an unique 
local solution. □ 

In other words, there always exists an unique Lagrangian jet field for a regular La- 
grangian density L, otherwise for the degenerate ones. 
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It is readily observed that Lagrangian jet fields associated with the same Lagrangian 
density L differ from each other in soldering forms 

a = W^^^dx^ (g) df 

on the repeated jet bundle J^J^Y -^ J^Y which satisfy the equations 

a^,,d^d^C = 0. 

If a Lagrangian density is degenerate, these equations have non-zero solutions. It follows 
that, in case of a degenerate Lagrangian density, the corresponding differential Euler- 
Lagrange equations are underdetermined, for higher order derivatives of field functions 
can not be expressed uniquely in the less order ones. 

Let a Lagrangian jet field F for the Lagrangian density L has an integral section s of 
the fibred jet manifold J^Y —>■ X, i.e., the first order jet prolongation J^s of s takes its 
values into Ker£^^. Then, s satisfies the system of first order differential Euler-Lagrange 
equations 

g'^ o J^s = 

which have the coordinate form 

dxs' = s\, (110a) 

diC - {dx + s{dj + dxs^^d^)d^C = 0. (110b) 



Note that Eq.( |110aD selects sections s of the fibred jet manifold J^Y — ^ X whose jet 
prolongations take their values into the sesquiholonomic jet manifold J Y. 

The first order Euler-Lagrange equations ( |110a{ ) and ( |110b| ) are equivalent to the 
Cartan equations ( |104a|) and ( |104b|) on sections s of J^Y -^ X whose jet prolongations 
J^s take their values into the sesquiholonomic jet manifold J^Y of Y. In particular, this 
equivalence always takes place when a Lagrangian density L is regular. 

In virtue of Proposition 9.7, the system of the first order differential equations ( |110a| ) 



and ( |110b|) is equivalent to the system of the familiar second order Euler-Lagrange equa- 
tions 

g^ o J^s = 0, 

d,C - [dx + dxs^d, + dxd,s^d>;)dlC = 0, (111) 

for sections s of the fibred manifold Y ^ X. In other words, Eqs.( |110a] ) and ( |110b| ) 



represent the familiar first order reduction of the second order differential equations ( |111 
At the same time, the Cauchy problems for Eqs. (|lll|) and the system of Eqs.( p.lO"a| ) and 
( |110b| ) fail to be equivalent. 

We have the following conservation laws on solutions of the first order Euler-Lagrange 
equations. 
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Let 

u = u^d^ + u'-di 

be a vector field on a fibred manifold Y and u its jet lift ([36| ) onto the fibred jet manifold 
J^Y — ^ X. Given a Lagrangian density L on J^Y , let us computer the Lie derivative 
IjuL. We have 

UL = [dy{7:l{u' - w^) + «'^) + («* - ^"y'M - dxdl)C]u, (112) 

^A = 5, + y\d, + y;,ar. 

On solutions s of the first order Euler-Lagrange equations, the equality (|112|) comes to 
the conservation law 

s*L^L = A[vrf (s)(m^ - M'^sy + M^£(s)]a^. (113) 

In particular, if u is a vertical vector field such that 

L^L = 0, 

the conservation law (|113|) takes the form of the current conservation law 

d 



dx 



y<m = 0. (114) 



In gauge theory, this conservation law is exemplified by the Noether identities. 
Now, let 

be a vector field on X and 



u 



TV = r^(5^ + T'd, 



its horizontal lift onto the fibred manifold F by a connection F on Y . In this case, the 



conservation law ( |113|) takes the form 



U,L = -^[t^Tt\{:s)]uj (115) 

where Tr'^^(s) are coefficients of the T*X- valued form 

Tr(s) = -(FJ El)o-s= [vrf (s; - F^) - S^dx^ ® u^ (116) 

on X. One can think on this form as being the canonical energy-momentum tensor of a 
field s with respect to the connection F on Y . In particular, when the fibration Y -^ X 
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is trivial, one can choose the trivial connection T = 6x- In this case, the form ( |116D is 
precisely the familiar canonical energy-momentum tensor. If 

for all vector fields r on X, the conservation law (|113| ) comes to the conservation law 



"^ T\,(s) = 



of the canonical energy-momentum tensor. 

11 

In the framework of the first order Lagrangian formalism, there exist two different mor- 
phisms called the Legendre morphisms which lead to different candidates for a phase space 
of fields. 

(i) Given a first order Lagrangian density L [Eq.(P7|)], let us consider the vertical 
tangent morphism VL to L. Due to the canonical vertical splitting 

VJ^Y = J^Y X (T*X (g) VY) 

Y Y 

of the afSne jet bundle J^Y -^ Y, this morphism yields the linear morphism (|1^) 

VL : J^Y X (T*X (g) VY) ^ J^YxA T*X 
Y Y jiy Y 

over J^Y . The corresponding morphism (|19[) 



Y 

I[ = 1\T*X®TX®V*Y, (117) 

Y Y 

is defined to be the Legendre morphism associated with the Lagrangian density L (or 
simply the Legendre morphism). We call 11 — > F [Eq.( |117| )] the Legendre bundle over the 
fibred manifold Y ^^ X. Given fibred coordinates (^ of y and the corresponding induced 
coordinates of the bundles TX, T*X and V*Y , the Legendre bundle 11 is provided with 
the fibred coordinates 

With respect to these coordinates, the Legendre morphism L reads 

Pi°L = Trf , 
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The generalized Hamiltonian formalism founded on the phase space ( |117| ) is the multi- 
momentum Hamiltonian formalism developed in next Lecture. 

(ii) The Poincare-Cartan form S^ [Eq. (|102|) ] yields the bundle morphism 3^ of the jet 
bundle J^Y ^ Y to the bundle 

Z = ''aT*X AT*Y dlS) 



over Y. It is termed the Legendre morphism associated with S^. The bundle ( |118 
endowed with the coordinates 

Qyl Qy' 

J-i=det( ^ 



IS 



9a;^ 
Relative to these coordinates, the Legendre morphism H^ is written 

(pr,p)ogi = (7rf,7r). (119) 



The Hamiltonian formalism founded on the phase space (|118|) is the De Bonder Hamil- 



tonian partner of the Lagrangian formalism on fibred manifolds. 
The bundle ( |ll(j| ) carries the the canonical exterior n-form 

E = piu + pldy'AiUx (120) 

defined by the relation 

Ui\...Un\S{w) = T({ui)\...T({Un)\w, 

W & Z, Ui & TyjZ, 

where ( is the canonical surjection Z —>■ Y. It is readily observed that the Poincare-Cartan 
form El is the puUback of the canonical form E [Eq.( |12CI| )] by the associated Legendre 
morphism (|119|) . 

The canonical form ( |1 20|) provides the bundle ( |118|) with the multisymplectic structure 
characterized by the multisymplectic form 

Qz = dE = dpi Ady' AuJx + dpAu. (121) 
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Remark. In case of mechanics when X = M, the form S reduces to the Liouville form 

E = pidy' - Edt (122) 

for the homogeneous formahsm where t is the temporal coordinate and E is the energy 
variable. ^^ However, in field theory when n > 1, the straightforward physical treatment 
of the coordinate p is not evident. □ 

Given a Lagrangian density L, let the image Z^ of the configuration space J^Y by the 



morphism ( |119|) be an imbedded subbundle 

of the bundle Z. In the framework of the De Bonder Hamiltonian formalism, the pullback 
De Bonder form 



on Zl is introduced. By analogy with the Cartan equations ( |1U3D , the corresponding Be 



Bonder-Hamilton equations for sections r of the bundle Z^ ^ X are written 

r*{u\dHL) = (123) 

where u is an arbitrary vertical vector field on Zl —>■ X. To bring the Be Bonder-Hamilton 
equations ( p.23| ) into the explicit form, one should substitute solutions y\{x'^,y\Pi) and 
C{x^,y\Pi) of the equations 

pf = n^{x^,y\f^), 

p = C- vrfy; (124) 

into the Cartan equations ( p.03| ). 

We thus observe that the Be Bonder Hamiltonian formalism is not formulated instrin- 
sically. It is the derivation of the Lagrangian formalism on fibred manifolds. 



If a Lagrangian density is regular, Eqs.( r2l ) have the unique solution and the Be 



Bonder-Hamilton equations take the coordinate form 

d^rf = diT. 

They are equivalent to the Cartan equations. 

If a Lagrangian density is degenerate, Eqs. (|124|) admit different solutions or no so- 



lutions at all. At the same time, when the Legendre morphism S^ is a submersion 



J^Y — »• Zl, the Be Bonder-Hamilton equations (|123|) are proved to be equivalent to the 
Cartan equations ( [1031 ). 
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Lagrangian densities of field models are almost always of this type. It follows that, in 
comparison with the Lagrangian machinery, its De Bonder Hamiltonian partner has no 
advantages of describing constraint field systems, otherwise the multimomentum Hamil- 
tonian formalism where the phase space of fields is the Legendre bundle 11 [Eg. ( p. 17] )] over 
Y. 

The relations between the De Donder-Hamiltonian formalism and the multimomentum 
Hamiltonian one stemmed from the fact that the total space of the bundle Z [Eg . (11181 )] 
represents also the 1-dimensional affine bundle 

? : Z ^ H, (125) 

over the Legendre bundle H [Eg.( |117| )]. Furthermore, the exact seguence ( p.lb|) gives rise 



n 



to the exact seguence 

^ A T*X -^ Z ^ H ^ (126) 

over Y . In particular, every splitting of the exact seguence (|llb| ) by a connection F on 
Y ^ X implies the corresponding splitting 

hr-.n^ Z, (127) 

pohv = -p^,V\, 



of the exact seguence (|126| ). Moreover, there is the 1:1 correspondence between global 
sections of the bundle (|125|) and the multimomentum Hamiltonian forms on the Legendre 
bundle H. 
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Lecture 4. HAMILTONIAN FORMALISM 



The Haiiiiltonian approach to field theory was called into play mainly for canonical 
quantization of fields by analogy with quantum mechanics. The major goal of this ap- 
proach has consisted in establishing simultaneous commutation relations of quantum fields 
in models with degenerate Lagrangian densities, e.g., gauge theories. 

In classical field theory, the conventional Hamiltonian formalism fails to be so success- 
ful. In the straightforward manner, it takes the form of the instantaneous Hamiltonian 
formalism when canonical variables are field functions at a given instant of time. The 
corresponding phase space is infinite-dimensional. Hamiltonian dynamics played out on 
this phase space is far from to be a partner of the usual Lagrangian dynamics of field 
systems. In particular, there are no Hamilton equations in the bracket form which would 
be adequate to Euler-Lagrange field equations. 

This Lecture presents the covariant finite-dimensional Hamiltonian machinery for field 
theory which has been intensively developed from 70th as both the De Bonder Hamiltonian 
partner of the higher order Lagrangian formalism in the framework of the calculus of 
variations and the multisymplectic (or polysimplectic) generalization of the conventional 
Hamiltonian formalism in analytical mechanics when canonical momenta correspond to 
derivatives of fields with respect to all world coordinates, not only time. Each approach 
goes hand-in-hand with the other. They exemplify the generalized Hamiltonian dynamics 
which is not merely a time evolution directed by the Poisson bracket, but it is governed 
by partial differential equations where temporal and spatial coordinates enter on equal 
footing. Maintaining covariance has the principal advantages of describing field theories, 
for any preliminary space-time splitting shades the covariant picture of field constraints. 

12 

The multimomentum Hamiltonian formalism in field theory is formulated intrinsically 
in the context of the multisymplectic Legendre bundles over fibred manifolds just as 
the Hamiltonian formalism in analytical mechanics is phrased in terms of symplectic 
manifolds. 

By the multisymplectic Legendre bundle, we mean the Legendre bundle H provided 
with the multisymplectic structure whose main ingredients are (i) the generalized Liouville 
form, (ii) the multisymplectic form, (iii) Hamiltonian connections, and (iv) multisymplec- 
tic canonical transformations. 

The total space of the Legendre bundle U ^ Y [Eq. (|117|) ] over a fibred manifold 
Y ^ X represents the composite manifold 

TTnx := TT o TTny : H ^ r ^ X, (128) 
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n 



Yi = ^T*X®V*Y®TX. (129) 

Y Y 

We call it the fibred Legendre manifold (or simply the Legendre manifold). The symbol 
q will be utilized for elements of 11. 

Given fibred coordinates (x'^, y*) of the fibred manifold Y and induced coordinates 
(x'^, x^) and (x'^, x\) of the bundles TX and T*X, the Legendre manifold ( p.29|) is provided 
with an atlas of fibred coordinates 

x^^x'^x'^), 

,x jdy^ dx'^ 
,dx'\^ 



J-^ = det( 



^x^' 



These coordinates are compatible with the composite fibration ( |128[ ) of the Legendre 
bundle (|129|) . We shall call them the canonical coordinates. 



The coordinate transformations ( p.3CI| ) give the local expression for isomorphisms of 
the Legendre manifold (|129| ). These isomorphisms, by definition, are generated by iso- 



morphisms of the fibred manifold Y ^ X and the corresponding induced isomorphisms 
of the bundles V*Y, TX and T*X. They preserve the composite fibration ( |1 28]) of the 
Legendre bundle LI. 

There are the following noteworthy morphisms of the Legendre bundle: 

• the canonical isomorphism 

z : n ^ "a^ T*X ® V*Y, 

Y 

t = pfujx ® dy\ (131) 

where by {rfy*} are meant the fibre bases for the vertical cotangent bundle V*Y of 

• the canonical bundle monomorphism 

n+l 

e -.U^ A T*Y®TX, (132) 

Y Y 

e = -pfdy'Auj0dx, (133) 

which is the straigtforward caroUary of the canonical bundle monomorphism (^5|) . 
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Definition 12.1. The generalized Liouville form on the Legendre bundle 11 — > F 
is defined to be the puUback- valued horizontal form 6 [Eg .( 11331 )] corresponding to the 
canonical bundle monomorphism (|132D. □ 



Since 6 [Eq. (|133| )] is a pullback- valued form, one can not act on it by the exterior 
differential in order to get the corresponding multysimplectic form on the Legendre bundle 
n. Under these circumstances, we begin with the following straightforword definition of 
the multisymplectic form. 

Definition 12.2. The multisymplectic form on the Legendre bundle LI is defined to 
be the pullback- valued form given by the coordinate expression 

n = dpfAdy' Auj0dx (134) 

with respect to canonical coordinate atlases ( |13CI| ) of LI. □ 

It is readily observed that this definition is independent of choice of the coordinate 
atlas ( |130|) . The form ( |134|) is globally defined and invariant under all isomorphisms of 
the Legendre manifold. 

The multisymplectic form ( |134| ) is related to the generalized Liouville form ( p,33| ) as 



follows. 

Let V6 be the vertical tangent morphism to the monomorphism ( |132[ ) over Y. As a 
shorthand, we can write 

n = -ve. 

Proposition 12.3. For each exterior 1-form on X and its pullback </> by tthx onto 
the Legendre manifold LI, the multisymplectic form (13^) and the generalized LiouvoUe 



form (|133|) satisfy the relations 



rf(f]j0) = 0, 

n\(t) = -d{e\(t)). (135) 



D 



Building on the generalized Liouville form (|133|) and the multisymplectic form ( 134 ) 



we develope the multimomentum Hamiltonian formalism which is compatible with the 
De Bonder- Weyl variant of the Lagrangian formalism when the Lepagean equivalent of a 
Lagrangian density is choosen to be the Poincare-Cartan form. 

Let J^n be the first order jet manifold of the fibred Legendre manifold LI — > X. It is 
provided with the adapted fibred coordinates 

(a;\y\p^yi^),pf^). 
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In particular, the bundle surjection J^ttuy of ^^^n onto J^Y reads 

y'^oJ^nuY =yl^)- 

Definition 12.4. We say that a jet field [resp. a connection] 

7 = dx'^ id, + 7j,)9, + 7.1^;) 

on the fibred Legendre manifold 11 ^ X is a Haniiltonian jet field [resp. a Hamiltonian 
connection] if the exterior form 

'j\n = dpf A dy' Aux + -ilxdy" A ^ - 7(a) c^pf A uj 
on n is closed. □ 

It is easy to verify that a jet field 7 on 11 is a Hamiltonian jet field iff it satisfies the 
conditions 

d\i,, - d^.lU = 0, 

d^lU + d\i';, = 0. (136) 

Hamiltonian connections constitute a subspace of the affine space of connections on the 
fibred Legendre manifold U -^ X . This subspace is not empty as follows. 

Lemma 12.5. Every connection F on a fibred manifold Y ^ X gives rise to the 
connection 

T = dx^(»[dx + Ti{y)d, 

+ {-d,T\{y)p^ - ir^,(x)pj + K\,{x)p^)dj,] (137) 



on the Legendre manifold II ^ Y ^ X where i^ is a symmetric linear connection (|6 
on the bundles TX and T*X. D 

Let r be a connection on the fibred manifold Y ^ X and 

f := r o TTny : H ^ r ^ J^F, 

f = dx^(E){dx + r{di), (138) 

its pullback by ttuy onto the Legendre bundle H over Y. Then, the lift F [Eg. ( p. 3 7] )] of F 
onto the fibred Legendre manifold H ^ X obeys the identity 

r\Q = d{r\e). (139) 
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A glance at this identity shows that f is a Hamiltonian connection. 

Thus, Hamiltonian connections always exist on the Legendre bundle 11. 

Definition 12.6. By multisymplectic diffeomorphisms of the Legendre manifold 11, 
we mean isomorphisms of the fibred manifold 11 — >■ X (but not a priori the composite 
manifold U -^ Y —y X) which maintain the multisymplectic form ( p.34| ). □ 

The following assertion shows that multisymplectic diffeomorphisms of the Legendre 
manifold 11 preserve really its composite fibration and, moreover, they are almost exausted 
by isomorphisms of 11. 

Proposition 12.7. Unless n = 1, every multisymplectic diffeomorphism $ of the 
Legendre manifold n decomposes as the semidirect product of an isomorphism of 11 and 
an affine bundle morphism 

g^g + r(7rny(g)), qeU, (140) 

of the Legendre bundle 11 over Y where 

r = r^{y)dy^ Au ig) dx 

is a section of LI -^ F such that, for each exterior 1-form on X and its pullback (p by ttux 
onto n, the form 

r\(f) = r^{y)(l)xix)dy' A uj 

is closed. □ 

In coordinate terms, multisymplectic diffeomorphisms represent compositions of the 

d translations 



coordinate transformations ( p.3CI| ) and translations 

/A A 



where 

djrfiy) = d,r^iy). 

Building on the relations ( |136| ), it is easy to check that every multisymplectic diffeo- 
morphism sends a Hamiltonian jet field to a Hamiltonian jet field. 

It follows that the multisymplectic diffeomorphisms can be regarded as the multisym- 
plectic canonical transformations. In view of Proposition 12.7, multisymplectic canonical 
transformations have the structure which is much simpler than that of canonical transfor- 
mations in the symplectic case of n = 1. Roughly speaking, the multisymplectic canonical 
transformations do not admit exchange of the canonical variables y* for the canonical mo- 
menta p^ since j/* and p^ constitute the linear spaces of different dimensions. 

63 



13 

In the multimomentum Hamiltonian formalism, Hamiltonian connections play the same 
role as Hamiltonian vector fields in the symplectic geometry. Accordingly, the definition of 
multimomentum Hamiltonian forms follows the definition of Hamiltonians in symplectic 
geometry. 

Definition 13.1. An exterior rz-form H on the multisymplectic Legendre manifold H 
is called a multimomentum Hamiltonian form if, on an open neighborhood of each point 
of H, there exists a Hamiltonian jet field satisfying the equation 

-f\n = dH. (141) 

This jet field 7 is termed the associated Hamiltonian jet field for H. □ 



A glance at the relation ( |141| ) shows that multimomentum Hamiltonian forms may 



be considered modulo closed forms, for closed forms do not make contribution into the 
Hamilton equations. 

Proposition 13.2. Let H he a multimomentum Hamiltonian form. For any exterior 
horizontal density 

H = nuj (142) 

on the fibred Legendre manifold H — > X, the form H — H also is a multimomentum 
Hamiltonian form. Conversely, if H and H' are multimomentum Hamiltonian forms, 
their difference if — if ' is an exterior horizontal density on H —* X. □ 

In virtue of Proposition 13.2, multimomentum Hamiltonian forms constitute an affine 
space modelled on the linear space of horizontal densities ( |142| ). A glance at Eq.( |139| ) 
shows that this affine space is not empty. 



Corollary 13.3. Given a connection F on a fibred manifold F ^ X, its lift (|137|) onto 



the fibred Legendre manifold H — > X is a Hamiltonian connection for the multimomentum 
Hamiltonian form 

iir = fj^: H^ AT*y, 

Hr=pUy'^uJ^-p':T\{y)u. (143) 

D 

It follows that every multimomentum Hamiltonian form on the Legendre bundle H 
over a fibred manifold y — * X is expressed as 

H = Hr-Hr= p-dy' Alux- pf^xLU - Htlu = pfdy' Aujx-Huj (144) 
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where F is some connection onY—>-X. Given another connection 

V = T + a 
where o" is a soldering form on F, we have 

Hr' = Hr-pf(r{LU. 



Proposition 13.4. Unless n = 1, the multimomentum canonical transformations 
maintain the splitting (|144|) with accuracy to a closed form. □ 



In view of Proposition 13.4, one can think of Eg. ( 144 ) as being a workable definition 
of multimomentum Hamiltonian forms modulo closed forms. One can start with this defi- 
nition and prove afterwards that, for any multimomentum Hamiltonian form ( |144| ), there 



always exists an associated Hamiltonian jet field since the algebraic Hamilton equations 
( |153a| ) and ( |1 53b|) below always have a local solution. 

Note that the expression ( |144| ) for multimomentum Hamiltonian forms depends upon 
the arbitrary specification of elements extrinsic to the multisymplectic structure such as 
a connection F on a fibred manifold Y —>■ X. At the same time, every multimomentum 
Hamiltonian form itself sets up the associated connection T^ on Y and thereby has the 
canonical splitting ( |144|) as follows. 



We call by a momentum morphism any bundle morphism 

$ : H ^ J% 

Y 

l/lo$ = $5^(g), qeU, (145) 

over Y. Its composition with the contact map (|3^ ) yields the bundle morphism 

Ao$ ■.U^T*X0TY 

Y Y 

represented by the horizontal pullback-valued 1-form 

$ = rfa;^ ® (^A + <^i{q)di) (146) 

on the Legendre bundle U ^ Y. 

For instance, let F be a connection on a fibred manifold Y. Then, the composition F 
[Eq.( |138|) ] is a momentum morphism. Conversely, every momentum morphism $ of the 



Legendre bundle H over Y defines the associated connection 

F$ = $ o 
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on y — > X where is the global zero section of the Legendre bundle 11 — > F . In particular, 
we have 

r-- = r 



Proposition 13.5. Given a multimomentum Hamiltonian form H ( |144| ) on the Leg- 



endre bundle li —^ Y , the vertical tangent morphism VH to H defines the associated 
momentum morphism 

y\oH = d\H. (147) 

D 



Corollary 13.6. Every multimomentum Hamiltonian form H on the Legendre bundle 
n over a fibred manifold Y sets up the associated connection 

on this fibred manifold F — > X. □ 
In particular, we have 



where H^ is the multimomentum Hamiltonian form ( |143| ) associated with the connection 

r on y ^ X. 



Corollary 13.7. Every multimomentum Hamiltonian form ( |144| ) admits the canonical 
splitting 

H = Hr„- H. (148) 

n 

The horizontal density 
in this canonical splitting meets the condition 

dinod = o 

where is the canonical zero section of the Legendre bundle U ^ Y. It will be termed 
the Hamiltonian density. 
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Proposition 13.8. Every momentum morphism ( p.45| ) represented by the pullback- 
valued form (|146|) on 11 yields the associated multimomentum Hamiltonian form 

H^ = ^e = pfdy' A a;A - p- $1^- (149) 

n 

For instance, if a multimomentum Hamiltonian form H satisfies the condition 

then we have 

H = Hr 

for some connection TonY. 

Note that the converse to Proposition 13.8 is not true. 

To characterize completely the affine space of multimomentum Hamiltonian forms on 
the Legendre bundle, let us turn to the exact sequence ( [126| ) 

^AT*X^ Z^H^O. 
Every splitting of the exact sequence ( |1 1 b| ) by a connection F on the fibred manifold 



y — >■ X yields the splitting of the exact sequence ( |126| ). Let hr be the corresponding 



section ( |127|) of the bundle Z — »• H and S the canonical form (|120|) on Z. It is readily 



observed that the pullback /ipS is precisely the multimomentum Hamiltonian form Hr 
[Eq. (|143| )]. Building on the splitting ( |144| ), one then can justify that every section h of 



the bundle Z ^ U determines the corresponding multimomentum Hamiltonian form /i*S 
on H. Conversely, the splitting ( |144| ) shows that any multimomentum Hamiltonian form 
defines a section of the bundle Z — > H. 

Thus, there is the 1:1 correspondence between the multimomentum Hamiltonian forms 
on the Legendre bundle H and the global sections of the bundle Z — > H [Eq.( |125D ]. 

14 

In this Section, we assign to every multimomentum Hamiltonian form its Hamilton equa- 
tions. 

Given a multimomentum Hamiltonian form, the Hamilton equations provide the con- 
ditions for a Hamiltonian jet field be associated with this Hamiltonian form. In contrast 
with analytical mechanics, there always exists a family of different Hamiltonian jet fields 
for the same multimomentum Hamiltonian form. To characterize this family, the Hamil- 
ton operator is introduced. In particular, we aim to show that, for every multimomentum 
Hamiltonian form, there exists the associated Hamiltonian connection. 
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Definition 14.1. The Hamilton operator £h for a multimomentum Hamiltonian form 
H on the Legendre bundle 11 is defined to be the first order differential operator 

1 n+l 

Eh : J^n ^ A T*n, 

£H = dH-h= [(yK) - d\n)dp^ - {pi + d{H)dy'] A uj (150) 



(A) 

where 

n = dpfA dy' AuJx+ Pixdy' Au- y\x)dp^ A uj 

is the pullback of the multisymplectic form (|134|) onto J^II. □ 



The Hamilton operator (|150| ) is an afiine morphism, and the surjection 

Ker^H^n (151) 

is an affine subbundle of the jet bundle J^H — > H. It is given by the coordinate conditions 

y\x) = din, 

P-x = -^^n. (152) 

For any jet field 

^ = dx'® (dx + i\x)d, + 7.1^;) 

on the Legendre manifold, we have the equality 

£h 07 = dH — 7J VL. 

A glance at this equality shows that a jet field 7 is the Hamiltonian jet field for a multi- 
momentum Hamiltonian form H iff it takes its values into 'Kei £hi that is, it is a section 
of the afiine bundle ( |151| ) and obeys the algebraic Hamilton equations 

£;^ o 7 = 

which are written 

l\x) = d\n, (153a) 

7-A = -^^n. (153b) 

Being affine, the bundle ( |151D always has a global section due to the properites re- 
quired of manifolds. In other words, a Hamiltonian connection for every multimomentum 
Hamiltonian form always exists. 



In virtue of Eq.( 153a ), every Hamiltonian connection 7 for a multimomentum Hamil- 



tonian form H satisfies the relation 

jVny o^ = H (154) 
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and takes the form 

A glance at Eq.( |153b| ) shows that there is a set of Hamiltonian jet fields for the same 
multimomentum Hamiltonian form. They differ from each other in local soldering forms 
a on n — i> X which obey the equations 

whcih are written 

al = 0. (155) 



Note that Eqs.( |155| ) for all multimomentum Hamiltonian forms are the same. It follows 



that, for all Hamilton operators £hi the afiine bundle ( p.51| ) is modelled on the same vector 
subbundle 



of the vector bundle 



A = o 



T*X0vn^u. 

n 



Remark. If ra = 1, Eqs. ( |155| ) have evidently only the zero solution and consequently, 
there is always the unique Hamiltonian connection associated with a given multimomen- 
tum Hamiltonian form. This fact is well-known from analytical mechanics. □ 

Example 14.2. As a test case, let us construct a Hamiltonian connection for a 
given multimomentum Hamiltonian form H if (i) a fibred manifold Y ^ X admits the 
vertical splitting ( P^ ) and (ii) relative the coordinates adapted to this vertical splitting, the 
Hamiltonian density in the canonical splitting (|148|) of H is independent of coordinates 
y^. If a fibred manifold Y admits vertical splitting, every momentum morphism ( p.45| ) 
defines the connection 7$ on the fibred Legendre manifold H — ;> X which is given by the 
expression 

+ (-9,$UgK - ir^,(a;)pj + K\xix)p^)dl] (156) 

with respect to the coordinates adapted to this splitting. Here, K denotes both a sym- 
metric linear connection (|63|) on TX and its dual on T*X. In particular, we have 

7f = f. 
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Let H be the above-mentioned multiniomentum Hamiltonian form and H the associ- 
ated momentum morphism (|147|) . Then, the connection 7^^ [Eq.( |156| )] defined by if is a 
Hamiltonian connection 



7 



H 



dx' ® [dx + d\nd, + {-djdiHp'i - ir^,p^ + K\,p>;)di] 



for H. D 



Let r be a section of the fibred Legendre manifold U —^ X such that its jet prolon- 
gation J^r takes its values into the kernal Kei Sh of the Hamilton operator ( |150| ) . Then, 
the algebraic Hamilton equations ( 153a ) and (|153b ) come to the system of first order 
differential Hamilton equations 



dxrf 



-- -dm. 



(157a) 
(157b) 



Conversely, if r is a solution [resp. a global solution] of the Hamilton equations ( |157a| ) 
and ( |157bD for a multimomentum Hamiltonian form H, there exists an extension of this 
solution to a Hamiltonian jet field 7 [resp. a Hamiltonian connection] which has an 
integral section r, that is, 

7 o r = J^r. 

Substituting J^r into Eq.(|154|), we obtain the identity 



J^iT^UY ° r) = H or 



:i58) 



for every solution of the Hamilton equations ( |157aD and ( p.57b[ ) . 

Let us note that the Hamilton equations ( |157a ) and ( 157b ) can be introduced without 
appealing to the Hamilton operator. Set 



r*{u\dH) = 



(159) 



for any vertical vector field u on the fibred Legendre manifold H — > X. The Hamilton 
equations ( |159|) are similar to the Cartan equations (|103| ), for the Poincare-Cartan form 
appears to be the Lagrangian counterpart of the multimomentum Hamiltonian forms. 



15 



If the parameter space X is M, the multimomentum Hamiltonian formalism reproduces 
the familiar time-dependent Hamiltonian formalism of analytical mechanics. 

In this case, a fibred manifold Y -^ X is trivial so that there are the identifications 



Y 
H 



xF, 
xT*F 



(160) 
(161) 
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where F is some manifold. The corresponding coordinates of Y and 11 respectively are 
written 

{t,y\Pi = m) (162) 

where t is the canonical parameter of M. 

The generalized Liouville form ( |133| ) and the multisymplectic form ( |134| ) on the Leg- 
endre manifold 11 [Eq. (|161|) ] respectively appear the pullback of the canonical Liouville 
form 

= Vidy' 

and the pullback of the canonical symplectic form 

Q = di/i A dy'' 

on the cotangent bundle T*F by pr2 onto 11. 

Let Fq be the trivial connection on Y corresponding to splitting ( |160|) and Fq its lift 
( |137| ) onto n. Relative to the coordinates ( [162| ), they are equal to the pullback- valued 
form <^ 

ex = dt® dt 

on Y and FI respectively. Hence, every multimomentum Hamiltonian form on the Legendre 
manifold FI [Eq.( |161|) ] is expressed as 

H = Hr^-H = i/idy' - Hodt. (163) 

The corresponding algebraic Hamilton equations ( |153a| ) and ( p,53b| ) reduce to the well- 
known Hamilton equations 



u' 


= d'Ho, 


Ui 


= —diHo 


^ 


u^di + Uid' 



for a Hamiltonian vector field 



and the Hamiltonian "Hq on M x T*F. In particular, there is the 1:1 correspondence 
between the Hamiltonian vector fields u and the Hamiltonian connections 7 on M x T*F. 
It is given by the relation 

7 = dt ® M + fo (164) 

where 

a = dt®u 
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means a soldering form on the fibred Legendre manifold 

R X T*F -^ R. 

With respect to the canonical coordinates ( |162[ ), the relation ( |164D takes the form 

-f = dt0{dt + u). 

Conversely, let T*F be a standard symplectic manifold. In the framework of the 
1-dimensional multimomentum Hamiltonian formalism, every standard time- dependent 
Hamiltonian system with a Hamiltonian vector field u and a Hamiltonian Tio on M. x T* F 
is described by the Hamiltonian connection ( p,64| ) associated with the multimomentum 
Hamiltonian form ( |163| ) on the Legendre manifold (|161|) . 



There is the 1:1 correspondence between the multimomentum Hamiltonian forms ( p.63| ) 



and the global sections of the bundle ( |125| ) 

Z = R^ X T*F ^Rx T*F. 



Note that the expression (|163|) for a multimomentum Hamiltonian form if on M x T*F 



fails to consists with the canonical splitting ( p.48| ) of H. Therefore, in the framework of the 
multimomentum Hamiltonian formalism, there is no evident higher-dimensional analogue 
of a Hamiltonian in mechanics. 

Let us point at the following two percularities of the multimomentum Hamiltonian 
formalism when the parameter space X is R. 

• In case of n = 1, the canonical transformations, e.g., 

y" = Pi, p'i = -y\ 

do not keep the fibration H ^ F of the Legendre manifold and as a consequence, do 
not maintain the splitting (|144|) of multimomentum Hamiltonian forms in general. 



Therefore, this splitting loses its canonical validity. 

• If X = M, there exists the well-known bijection between the multimomentum Ha- 
miltonian forms (|163|) and the Hamiltonian connections 

Moreover, every Hamiltonian connection 7 has always an integral section which is 
the integral curve of the corresponding Hamiltonian vector field u. 

In case of constraint Hamiltonian systems, this bijection makes necessary the well- 
known Dirac-Bergman procedure of calculating the /c-class constraints. In the framework 
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of the multimomentum Hamiltonian formalism, there exist different Hamiltonian connec- 
tions associated with the same multimomentum Hamiltonian form. Moreover, in field 
theory when the primary constraint space Q is the image of the configuration space J^Y 
by the Legendre morphism L, there is a family of multimomentum Hamiltonian forms 
associated with the same Lagrangian density as a rule. Therefore, one can choose either 
the Hamilton equations or solutions of the Hamilton equations such that these solutions 
live on the constraint space. 

16 

This Section is devoted to the relations between the Lagrangian formalism and the mul- 
timomentum Hamiltonian formalism in field theory when a Lagrangian density is de- 
generate. The major percularity of these relations consists in the fact that one deals 
with a family of different multimomentum Hamiltonian forms associated with the same 
degenerate Lagrangian density. 

Given a fibred manifold y —> X, let if be a multimomentum Hamiltonian form (p,44|) 



on the Legendre bundle H [Eq.( p,29| )] over Y and L a Lagrangian density (|97|) on the jet 
manifold J^Y of Y . Let H be the corresponding momentum morphism ( |147| ) and L the 
corresponding Legendre morphism ( |117| ) 

L: J^r^H, 

Y 

pfoL = vrf . (165) 

To define associated Lagrangian and Hamiltonian systems, we consider the diagram 

H Ajiy 



J^Y^^ H 

H 

which does not commutative in general. If the Legendre morphism L is a diffeomorphism, 
the corresponding Lagrangian system meets naturally the unique equivalent Hamiltonian 
system such that the associated momentum morphism is the inverse diffeomorphism 



H 



'-1 



It follows that, when the Legendre morphism is regular at a point, the corresponding 
Lagrangian system restrited to an open neighborhood of this point has the equivalent 
local Hamiltonian system. In order to keep this local equivalence in case of degenerate 
Lagrangian densities, we shall require of associated Lagrangian and Hamiltonian systems 
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that the image of the configuration space J^Y by the Legendre morphism L contains all 
points where the momentum morphism H is regular. 

Definition 16.1. Given a Lagrangian density L on the jet manifold J^Y of a fibred 
manifold Y —>■ X, we shall say that a multimomentum Hamiltonian form H on the 
Legendre bundle 11 over Y is associated with L ii H satisfies the relations 

Lo H\q= Id Q, (166a) 

H = H- + LoH, (166b) 

where 

Q = L{J^Y) (167) 

is the image of the configuration space J^Y by the Legendre morphism. □ 

In the terminology of constraint theory, we call Q [Eq. (|167| )] the Lagrangian constraint 
space (or simply the constraint space) by analogy with the first-class primary constraint 
space in the familiar Hamiltonian formalism. We shall observe that all Hamiltonian 
partners of solutions of the Euler-Lagrange equations live on the Lagrangian constraint 
space. 

In coordinates, the relations (|166a| ) and (|166b| ) are expressed as 



and 

Acting on the both sides of the second equality by the derivative 9^, one lifts the condition 
( |166b|) to the condition 

(pf - 9f £ o H)dldin = (168) 

for the vertical tangent morphisms to forms iJ, H^ and Lo H. A glance at this condition 
shows the following. 



The condition ( p.66a|) is the corollary of Eq.( p.66b[) if the momentum morphism H 
is regular 

detidldln) \q^ 

at all points of the constraint space Q. 

The momentum morphism H is not regular outside the Lagrangian constraint space 
Q just as it has been required of associated Lagrangian and Hamiltonian systems. 
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We shall refer to the following criterion in order to construct multimomentum Hamil- 
tonian forms associated with a given Lagrangian density. 

Proposition 16.2. Let $ be a momentum morphism. Given a Lagrangian density 
L, let us consider the multimomentum Hamiltonian form 

Hl^ = H^ + Lo^ (169) 

where Hi^ is the multimomentum Hamiltonian form ( |149| ) associated with $. If the 
momentum morphism $ obeys the relations 

Lo$|Q=IdQ, (170) 

Hl^ = $, (171) 

the multimomentum Hamiltonian form ( |169| ), by very definition, is associated with L. □ 

It is readily observed that Eq.( |171| ) is just Eq.( |168| ) and that the multimomentum 
Hamiltonian form ( |166b|) is of the type ( |169|) . 

Proposition 16.3. If a multimomentum Hamiltonian form H is associated with a 
Lagrangian density L, the following relations hold: 

H\q=ZloH\q, (172) 

diU = -diC o H (173) 

where "El is the Poncare-Cartan form (|102|) . □ 

Let us emphasize that different multimomentum Hamiltonian forms can be associated 
with the same Lagrangian density. 

Example 16.4. All multimomentum Hamiltonian forms H^ [Eq. (|143|) ] are associated 
with the zero Lagrangian density 

L = 0. 

In this case, the image of the Legendre morphism is 

Q = 0{Y) 

where is the canonical zero section of the Legendre bundle H — > F. The condition 
( |166a| ) comes to the trivial identity = 0, and the multimomentum Hamiltonian forms 
Hr obey Eq.( 166b ) which takes the form 

n = pid'.n. 
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D 

In accordance with the relation (|1 72| ) , the associated muhimomentum Hamiltonian 
forms restricted to the Lagrangian constraint space Q consist with the pullbacks of the 
Poincare-Cartan form, but generally they do not coincide with each other even on Q. 

It should be noted that there exist Lagrangian densities which possess no associated 
multimomentum Hamiltonian forms defined everywhere on the Legendre bundle 11. The 
requirement to be of class C°° also is rather rigid condition. But in field theories where 
Lagrangian densities are almost always quadratic and affine in velocities y\, the associated 
multimomentum Hamiltonian forms always exist. 

We aim to match solutions of the Euler-Lagrange equations for a Lagrangian desnity L 
and solutions of the Hamilton equations for the associated multimomentum Hamiltonian 
forms H in accordance with the diagram 

jin^jijiy^j^H 



H -^ jiy -^ H 

where J^L and J^H are the first order jet prolongations of the Legendre morphism L 
[Eq. (|165|) ] and the momentum morphism H [Eq.( |147|) ] respectively. They have the coor- 
dinate expressions 

(2/;, vIy vU) ° J'H = id;n, yiy dxd;n), (i74) 

and 

ij>lyU,Pt^ ° J'L = in^,yl),d,7c^), (175) 

dx = dx + ylx^dj + y^^^d'^. 

It is essential that, if 7 is a Hamiltonian jet field for a multimomentum Hamiltonian 
form H, the composition J^Hcy takes its values into the sesquiholonomic subbundle J^Y 
of the repeated jet manifold J^J^Y: 

{y;,yl^)oj^Ho^ = {d;n,din). 

Hereafter, we shall restrict our consideration to Lagrangian densities of the following 
type: 

(i) a hyperregular Lagrangian density L when the Legendre morphism L is a dif- 
feomorphism and a regular Lagrangian density L when L is a local diffeomor- 
phism; 
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(ii) a semiregular Lagrangian density L when the preimage L ^ (g) of any point q 
of the constraint space L{J^Y) is a connected submanifold of J^Y; 

(iii) an almost regular Lagrangian density L when the Legendre morphism L is a 
submersion and the Lagrangian constraint space Q is an imbedded submanifold 
of the Legendre manifold. 

The notions (ii) and (iii) of degeneracy are most appropriate since they provide the 
workable relations between solutions of the Euler-Lagrange equations and the Hamilton 
equations. 

In case of hyperregular Lagrangian densities, the Lagrangian formalism on fibred man- 
ifolds and the multimomentum Hamiltonian formalism are equivalent. If a Lagrangian 
density L is hyperregular, there always exists the unique associated multimomentum Ha- 
miltonian form 

The corresponding momentum morphism (|147|) is the diffeomorphism 

and, so is its first order jet prolongation J^H: 

J^LoJ^H = ldjin. (176) 

Proposition 16.5. Let L be a hyperregular Lagrangian density and H the associated 
multimomentum Hamiltonian form. The following relations hold 

El = HoL. (177) 

Al = Sho J'L, (178) 

Sh = Alo J'H, (179) 



where S is the Hamilton operator Sh [Eq.( |150| )] for H and A^ is the exterior form (|105|) 
D 



A glance at Eqs.( |172D and ( [L77| ) shows that just the Poincare-Cartan form is the 



Lagrangian counterpart of multimomentum Hamiltonian forms ( |144| ), whereas the La- 
grangian partner of the Hamilton operator is the exterior form A^ [Eq.( |105| )]. This form 
fails to define a differential operator in the conventional sense, but its restriction to J^J 
consists with the sesquiholonomic Euler-Lagrange operator S'j^ for the Lagrangian density 
L. It follows that, if 7 is a Hamiltonian jet field for the associated multimomentum Ha- 
miltonian form H, then the composition J^H o 7 takes its values into the kernal of £^£. It 
follows that J^H o 7 o L is a Lagrangian jet field for L. 
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Proposition 16.6. Let L be a hyperregular Lagrangian density and H the associated 
niultimomentum Hamiltonian form. 

(i) Let r : X ^ n be a solution of the Hamilton equations ( |157a]) and ( |157b|) for the 
multimomentum Hamiltonian form H. Then, the section 

s = Hor (180) 

of the fibred jet manifold J^Y -^ X satisfies the first order Euler-Lagrange equations 
( ITToi] ) and ( |TTOb|) . 

(ii) Conversely, if a section s of the fibred jet manifold J^Y ^ X is a solution of the 
first order Euler-Lagrange equations ( |llUa[ ) and ( |110b| ), the section 



Los 



of the fibred Legendre manifold H — > X satisfies the Hamilton equations (|157a|) and 
(257§. 



(iii) In virtue of Eq. (|158|) , we have 



s = J^s, 

S = TlYiY o r (181) 



where s is a solution of the second order Euler-Lagrange equations (|111|) . □ 



Propositions 16.6 shows that, given a hyperregular Lagrangian density and the asso- 
ciated multimomentum Hamiltonian form, the corresponding first order Euler-Lagrange 
equations ( |110a| ) and (|110b| ) are equivalent to the Hamilton equations (|157a|) and ( |157b|) . 



In case of a regular Lagrangian density L, the Lagrangian constraint space Q is an 
open subbundle of the Legendre bundle U ^ Y. If Q 7^ H, the unique associated multi- 
momentum Hamiltonian form fails to be defined everywhere on H in general. At the same 
time, an open constraint subbundle Q can be provided with the induced multisymplec- 
tic structure, so that we may restrict our consideration to multimomentum Hamiltonian 
forms on Q. If a regular Lagrangian density is still semiregular, the associated Legendre 
morphism is a diffeomorphism of J^Y onto Q and, on Q, we can recover all results true 
for hyperregular Lagrangian densities. Otherwise, there exists an open neighborhood of 
each point of the configuration space J^Y such that the corresponding local Lagrangian 
system defined by L is hyperregular. 

Example 16.7. Let Y be the bundle M^ -^ M^ coordinatized by {x^,x'^,y). The jet 
manifold J^Y and the Legendre bundle H over Y are coordinatized by 

(a;\a;^ I/, 2/1,2/2) 
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and 

respectively. Set the Lagrangian density 

L = Cuj, 

It is regular and semiregular, but not hyperregular. The corresponding Legendre mor- 
phisni reads 

p^ oL = expyi, 

The image Q of the configuration space under this morphism is given by the coordinate 
relation p^ > 0. It is an open subbundle of the Legendre bundle. On Q, we have the 
associated multimomentum Hamiltonian form 

H = p^dy Aux- Huj, 

n = p\W-i) + ^{p'f, 

which however is not extended to 11. □ 

Contemporary field theories are almost never regular, but their Lagrangian densities 
are nonetheless well-behaved. They are both semiregular and almost regular as a rule. 

Proposition 16.8. All multimomentum Hamiltonian forms associated with a semireg- 
ular Lagrangian density L coincide on the Lagrangian constraint space Q: 

H \q= H' \q . 
Moreover, the Poincare-Cartan form H^ [Eq.( |l(J2| )] for L is the pullback 

^L = HoL, 

Ti^y\-C = n{x^,y\Til), (182) 

of any associated multimomentum Hamiltonian form H by the Legendre morphism L. □ 



Coinciding on the Lagrangian constraint space Q, the multimomentum Hamiltonian 
forms associated with a semiregular Lagrangian density differ from each other outside Q. 
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The condition ( |166b| ) restricts rigidly the arbitrariness of these forms at points of 11 \ Q. 
Substituting this condition into Eq. (|182|) , we obtain 

{n^ o H - p^)d\n = nix^, y\ n^ o H) - Hix^, y\ p^) 

at each point of ir\Q. It follows that, at a point which does not belong the constraint 
space, a multiniomentuni Haniiltonian form associated with a semiregular Lagrangian 
density is written 

H = pfdy' AuJx- Hcu, 

n = pfTH\ + p';THi + n{y\pf), 

where p'^ are coordinates which obey the relation 

and pf are the remaining ones. It is afiine in momenta p'^. The Hamilton equations ( |157a| ) 
corresponding to the coordinates p'^ are reduced to the gauge-type conditions 



d,r^ = ^Hi 



independent of momenta. 



Example 16.9. Let Y be the bundle M^ -^ M^ coordinatized by {x^,x'^,y). The jet 
manifold J^Y and the Legendre bundle 11 over Y are coordinatized by 

(x\a;^2/, 2/1,1/2) 

and 

{x^,x'^,y,p^,p'^) 

respectively. Set the Lagrangian density 

L = i(yOV (183) 

It is semiregular. The associated Legendre morphism reads 

pi o L = 2/1, 
/ o L = 0. 

The corresponding constraint space Q consists of points with the coordinate p^ = 0. 
Multimomentum Hamiltonian forms associated with the Lagrangian density ( [L83|) are 
given by the expression 

H = p^dy Aux- [^{Py + c{x\ x^, 1/)pV 
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where c is arbitrary function of coordinates x^, x^ and y. They are affine in the momentum 
coordinate p^. □ 



The relation (|182|) imphes the identity 

{y\ - din o L)dTT^ Au- {d,C + diH o L)dy' Auj = 0. (184) 

In particular, we have the equality 

[y\ - d\nix'^, y\ ^';MdtC = (185) 

similar to Eq.( |168| ). 

Building on Eq.( |184} ), one can reproduce Eq.( p,78| ) 



but not Eq.( |179| ). It enables one to extend the part (i) of Proposition 16.6 to multimo- 
mentum Hamiltonian forms associated with semiregular Lagrangian densities. 

Proposition 16.10. Let a section r of the Legendre manifold 11 —> X be a solution 
of the Hamilton equations ( |157a| ) and ( |157b| ) for some multimomentum Hamiltonian form 
H associated with a semiregular Lagrangian density L. If r lives on the constraint space 
Q [Eq.([T67|)], the section 

s = if o r 

of the fibred jet manifold J^Y -^ X satisfies the first order Euler-Lagrange equations 
( ITTOi] ) and ( |TTOb|) . □ 



The assertion (ii) from Proposition 16.6 however must be modified as follows. 

Proposition 16.11. Given a semiregular Lagrangian density L, let a section s of the 
fibred jet manifold J^Y — > X be a solution of the first order Euler-Lagrange equations 
( |110a| ) and ( |110b| ). Let if be a multimomentum Hamiltonian form associated with L so 



that its momentum morphism satisfies the condition 

HoLos = s. (186) 

Then, the section 

r = L OS 

of the fibred Legendre manifold H — >■ X is a solution of the Hamilton equations ( |157a| ) 
and ( p.57b[ ) for H. It lives on the constraint space Q. □ 
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Lemma 16.12. For every pair of sections s of J^Y -^ X and r of 11 — > X which 
satisfy either Proposition 16.10 or Proposition 16.11, Eqs. (|18l]) where s is a solution of 
the second order Euler-Lagrange equations ( |1 1 Ij ) remain true. □ 



Proposition 16.10 and Proposition 16.11 show that, if if is a multimomentum Hamil- 
tonian form associated with a semiregular Lagrangian density L, every solution of the 
corresponding Hamilton equations which lives on the constraint space L{J^Y) yields a 
solution of the Euler-Lagrange equations for L. At the same time, to exaust all solutions 
of the Euler-Lagrange equations, one must consider a family of different multimomentum 
Hamiltonian forms associated with L. 

Example 16.13. To illustrate these circumstances, let us consider the zero Lagran- 
gian density 

L = 0. 

This Lagrangian density is semiregular. Its Euler-Lagrange equations come to the identity 
= 0. Every section s of the fibred manifold F ^ X is a solution of these equations. 
Given a section s, let F be a connection on Y such that s is its integrale section. The 
multimomentum Hamiltonian form Hy [Eq.( |1430 ] is associated with L. The corresponding 



momentum morphism satisfies Eq.( |186|) . The Hamilton equations have the solution 

r = L o s 
given by the coordinate expression 



rt = 0. (187) 



D 



We shall say that a family of multimomentum Hamiltonian forms H associated with 
a Lagrangian density L is complete if, for any solution s of the first order Euler-Lagrange 
equations ( p.lOa|) and ( p.lOb|) , there exists a solution r of the Hamilton equations ( |157a| ) 
and ( |157b| ) for some multimomentum Hamiltonian form H from this family so that 



r = L o s, 
"s = H or, 

s = ji(7rnYor). (188) 

Let L be a semiregular Lagrangian density. Then, in virtue of Proposition 3.24, such 
a complete family of associated multumomentum Hamiltonian forms exists iff, for every 
solution s of the Euler-Lagrange equations for L, there is a multimomentum Hamiltonian 
form H from this family such that Eq.( |186| ) holds. 
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The complete family of multimomentum Hamiltonian forms associated with a given 
Lagrangian density fails to be defined uniquelly. For instance, the multimomentum Ha- 



miltonian forms ( |143| ) constitute the complete family associated with the zero Lagrangian 
density, but this family is not minimal. At the same time, we consider only solutions of 
the Hamilton equations which live on the Lagrangian constraint space (|167|) . Therefore, 
we can restrict ourselves to local multimomentum Hamiltonian forms and the Hamilton 
equations which are defined on some open neighborhood Q of the Lagrangian constraint 
space Q. Being an open imbedded subbundle of the Legendre bundle, Q inherits the mul- 
tisymplectic structure of H including multisymplectic canonical transformations which 
keep the constraint space Q. 

We shall investigate existence of complete families of associated multimomentum Ha- 
miltonian forms when a Lagrangian density is almost regular. In this case, the Lagrangian 
constraint space Q, by very definition, is an imbedded subbundle of the Legendre bundle 
and the Legendre morphism 

J'Y^Q (189) 

is a fibred manifold. 

Proposition 3.14. Let L be an almost regular Lagrangian density. 

(i) On an open neighborhood of each point q E Q, there exist local multimomentum 
Hamiltonian forms associated with L. 

(ii) Let L be still a semiregular Lagrangian density. On an open neighborhood of 
each point q E Q, there exists a complete family of local associated multimomentum 
Hamiltonian forms. □ 

In field theories with quadratic and affine Lagrangian densities, the complete fami- 
lies of the associated globally defined multimomentum Hamiltonian forms always exist. 
Moreover, the following example shows that the complete family of associated multimo- 
mentum Hamiltonian forms may exist if even a Lagrangian density is neither semiregular 
nor almost regular. 

Example 15. Let Y be the bundle M^ — > R^ coordinatized by {x^,x'^,y). The jet 
manifold J^Y and the Legendre bundle H over Y are coordinatized by 

(x\x^?/, 1/1,1/2) 
and 

(x^a;^2/,p^p^) 

respectively. Let us consider the Lagrangian density 
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The associated Legendre morphism reads 

p'oL={y{)\ (190) 

p2 o L = 1/2. 

The corresponding constraint space Q is given by the coordinate relation p^ > 0. It is not 
even a submanifold of 11. There exist two associated multimomentum Hamiltonian forms 

H+ = p^dy Aujx- [-(p')i + -(/) V, 

H. = p^dy Aux- [--{p'f^ + -(p') V 

on Q which correspond to different solutions 

yi = 

and 

yi = 

of Eg. (11901) . One can verify that the multimomentum Hamiltonian forms if+ and H_ 
constitute the complete family. □ 

Note that, if the imbedded constraint space Q is not an open subbundle of the Legendre 
bundle 11, it can not be provided with the multisymplectic structure. Roughly speaking, 
not all canonical momenta p^ live on such a constraint space in general. Therefore, to 
consider solutions of the Hamilton equations even on Q, one must set up a multimomen- 
tum Hamiltonian form and the corresponding Hamilton equations at least on some open 
neighborhood of the constraint space Q. 

Another way is to construct the De Donder-Hamilton type equations on the imbedded 
constraint space Q itself. Let an almost regular Lagrangian density L be also semiregular. 
Let Hq be the restriction of the associated multimomentum Hamiltonian forms to the 
constraint space Q. In virtue of Proposition 16.8, it is uniquely defined. For sections r of 
the fibred manifold Q ^ X, we can write the equations 

r*{u\dHQ) = (191) 

where u is an arbitrary vertical vector field on Q ^ X. Since 

dHq ^ dH Iq, 

these equations fail to be equivalent to the Hamilton equations restricted to the constraint 
space Q. At the same time, we have 

ELiJ'Y) = Hq{Q) 
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and so, Eqs.( |19lD are equivalent to the De Donder-Haniilton equations ( |123| ) 



Thus, the feature of the niultiniomentum Haniiltonian approach to constraint field 
systems is clarified. In the framework of this approach, field equations are set up at least 
on an open neighborhood of the Lagrangian constraint space though only their solutions 
living on the constraint space are considered. Whereas in the framework of the De Bonder 
Hamiltonian formalism and, in fact, the Lagrangian formalism, field equations themselves 
are defined only on the constraint space. 

17 

This Section covers the Cauchy problem for the Euler-Lagrange equations and the Hamil- 
ton equations. The key point consists in the fact that the Hamilton equations must be 
modified in order to formulate the Cauchy task. We observe that, although the first 
order Lagrangian equations are equivalent to the second order ones, the Cauchy tasks 
for them fail to be equivalent. At the same time, if a Lagrangian density is regular, 
the Cauchy problem for the second order Euler-Lagrange equations is equivalent to the 
Cauchy problem for the Hamilton equations. 

The system of the first order Euler-Lagrange equations (|110aD and (|110b| ) has the 
standard form 

5„\(x, 0)9^0" = /.(x,0) (192) 

for the Cauchy problem or, to be more precise, for the general Cauchy problem since the 
coefficients S"^^ depend on the variable functions in general. Here, 0^* are the collective 
notation of field functions s* and s\. However, the characteristic form 

det(5,VA), cx e M, (193) 

of the first order Euler-Lagrange equations is singular, that is, it is not different /^from 
because of Eqs. (|110aj) . 



If the index i takes the single value, the second order Euler-Lagrange equations ( p. 1 1| ) 
also have the standard form for the Cauchy problem. In general case, one can reduce the 
Cauchy problem for these equations to the standard form as follows. 



Let us examine the extension of the Euler-Lagrange operator ( |106| ) to the repeated jet 
manifold J^J^Y which is given by the horizontal exterior form 

S'[ = {d,-dxd^)Cdy'Au, (194) 

dx = d, + y\x)d, + |/;,9r, 

on J^J^Y -^ Y . Note that the exterior form ( [194| ) differs from the exterior form ( [L05|) as 
follows: 

Al = SI + (yi,) - y\)dTil A uj. 

85 



We single out a local coordinate x^ and consider local sections s of the fibred jet 
manifold J^Y ^ X which satisfy the conditions 

di^' = s\, 

d,^\ = dx-s\, A ^ 1. (195) 

It should be noted that the first order jet prolongations J^s of such sections s do not 
take their values into the sesquiholonomic jet manifold J^Y in general. Let us consider 



the system of the first order differential equations ( p.95| ) and the first order differential 
equations 

S'l o J^s = 0, 

for sections s of the fibred jet manifold J^Y -^ X . The latter take the form 

d,C - {dx + dxs^dj + dx%d^)d^C = O. (196) 

This system has the standard fashion (|192|) for the Cauchy problem on the initial condi- 
tions 

s\x) = (l>\x), 

txix) = dx<P\x), A ^ 1, 

s\{x) = (j)\{x) (197) 

on some local hypersurface of X transversal to coordinate lines x^. Its characteristic form 
( |193| ) is defined only by the Hessian ( |109| ). In virtue of the well-known theorem, ^^ if local 
functions {s\x), s^xi^)) ^^^ solutions of the Cauchy problem for Eqs. (|195|) and (|196|) [in 
analytic functions or functions of class C^], they satisfy still Eqs.( |110a] ). It follows that 
they take their values into the second order jet manifold J^Y and s*(x) are solutions of 
the second order Euler-Lagrange equations (|1 1 1[) . 



We thus observe that, on solutions of the Cauchy problem for the second order Euler- 
Lagrange equations ( |111| ), Eqs.( |110aD with A 7^ 1 are the corollaries of Eqs. ( |195| ) and the 



initial conditions ( |197|) . In other words, the system of first order Euler-Lagrange equations 
is overdefined on solutions of the Cauchy problem. 



Lemma 17.1. The characteristic form ( |193| ) for the system of Eqs. ( 1195] ) and ( |196D is 
singular iff there exists a collection of real numbers c-' such that, whenever b^ G M, 



d^d^Cc'b^ = 0. (198) 
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In particular, if the determinant of the Hessian ( [I09| ) of a Lagrangian density L is 
different from zero, the characteristic form (|193|) for the system of Eqs. dlQS]) and (|196|) is 
not singular. It means that the Cauchy problem for these equations may be formulated. 

Let us turn now to the Cauchy problem for the Hamilton equations. The Hamilton 
equations ( |157a|) and (|157b| ) have the standard form ( |192| ) for the Cauchy problem, but 



one faces the same difficulties as for the Caushy problem of the first order Euler-Lagrange 
equations ( |110a| ) and (|110b| ). Their characteristic form ( p.93| ) fails to be different liioxn. 
0. These difficulties are overcomed in the same way as in case of the second order Euler- 
Lagrange equations. 

Let us single out a local coordinate x^ and replace Eqs.( |157a]) by the equations 

dy = din, 

d^d{n = dxdin, A ^ 1, (199) 



The system of Eqs. (|199|) and (|157b|) have the standard form for the Cauchy problem on 
the initial conditions 

r\x') = ^\x'), 

rf(x')=0r(x'), 

dxr' = d\n, A ^ 1, (200) 

on some local hypersurface S" of X transversal to coordinate lines x^. 

Proposition 17.2. If r' are solutions of the Cauchy problem for Eqs. ( [199]) and ( |157b| ) 
[in functions of class C^] on the initial conditions (|200|) , they satisfy all Eqs. (|157a|) . □ 

It follows that, in order to formulate the Cauchy problem for the Hamilton equations 
in the multimomentum Hamiltonian formalism, one should single a one of coordinates 
and consider the system of equations ( |199| ) and ( 157b| ). It is readily observed that, if 



a Lagrangian density is regular, the system of equations ( |1971 ) and ( |110b|) is equivalent 



to the system of equations ( p.99| ) and ( |157b|) for the Cauchy task of the second order 
Euler-Lagrange equations. 
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Lecture 5. FIELD THEORY 

With the multimomentum Hamiltonoan formahsm, the tools are now at hand to canon- 
ically anahze constraint field systems on the covariant finite-dimensional level. Maintain- 
ing covariance has the principal advantages of describing field theories, for any space-time 
splitting shades the covariant picture of field constraints. 

The Lagrangian densities of field models are almost always semiregular and almost 
regular that enables one to utilize the relations stated above between Lagrangian and Ha- 
miltonian formalisms. Moreover, the Lagrangian densities of all fundamental field theories 
are quadratic and affine in the derivatives of field functions. Gauge theory exemplifies the 
degenerate quadratic Lagrangian density, whereas gravity and fermion fields are described 
by the affine ones. In first Section of this Lecture, we shall spell out Lagrangian and Ha- 
miltonian systems in case of affine and almost regular quadratic Lagrangian densities. 
The goal is the general procedure of describing constraint field systems. 

The most of contemporary field models are concerned with gauge theory. We observe 
that several attributes of gauge theory such as gauge freedom and gauge conditions are the 
common attributes of systems with degenerate quadratic and affine Lagrangian densities, 
without appealing to any symmetry group. 

18 Constraint field systems 

This Section presents the complete families of multimomentum Hamiltonian forms asso- 
ciated with affine and almost regular quadratic Lagrangian densities. The key ingredient 
in our consideration is splitting of the configuration space in the dynamic sector and 
the gauge sector. The latter consists with the kernal of the Legendre morphism. As an 
immediate consequence of this splitting, a part of the Hamilton equations comes to the 
gauge-type conditions independent of canonical momenta. Different associated multimo- 
mentum Hamiltonian forms are responsible for different such conditions. 

Given a fibred manifold Y ^ X, let us consider a quadratic Lagrangian density 

L = Cuj, 

^ = \h!{v)M + ^'(?/)?/A + c(l/), (201) 

where a, h and c are local functions on Y with the corresponding transformation laws. 
The associated Legendre morphism reads 

v\ol = a\fy^^ + h\. (202) 

Lemma 18.1. The Lagrangian density ( p01| ) is semiregular. □ 
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The Legendre morphism ( |202| ) is an affine morphism over Y . It implies the corre- 
sponding hnear morphism 

L:T*X®VY ^li, 

Y 

Pi °L = af^^y^^, 

over Y where yj^ are bundle coordinates of the vector bundle (^) . 

Almost all quadratic Lagrangian densities of field models take the particular form 

^ = l4'y'x% + ^^ (203) 



2 



/^' 



where F is a certain connection on Y ^ X and j/* — > y^ is the corresponding covariant 
differential (pDj). This fashion is equivalent to condition that the Lgrangian constraint 



space Q defined by the Legendre morphism (|202|) contains the image of Y under the 
canonical zero section 0{Y) of the Legendre bundle U ^ Y. Let us set 

KerL = L"^(0(F)). 

It is an affine subbundle of the jet bundle J^Y -^ Y which is modelled on the vector 
bundle 

KeTL = L'\0(Y)). 

Then, there exists a connection TonY-^X which takes its values into KerL: 

r:F^KerL, (204) 

(4fTj^ + b^ = 0. (205) 

With this connection, the Lagrangian density (|201|) can be brought into the form (|203|) . 
For instance, if the Lagrangian density ( |201D is regular, the connection ( p^04| ) is the unique 
solution of the algebraic equations (|205|) . 

Proposition 18.2. Let L be an almost regular quadratic Lagrangian density such 
that 0(Y) C Q. Then, there exists a linear pullback- valued horizontal 1-form 

a : n ^ T*X ® VY, (206) 

— i ij U 

y^oa = oi^Vi. 
on the Legendre bundle 11 ^ F such that 

Loo 0%Q=%Q^ 

a\fo% = 6'jt (207) 
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where ig denotes the natural imbedding of Q into 11. □ 



If the Lagrangian density ( p01| ) is regular, the form ( |206| ) is determined uniquely by 
the algebraic equations ( pOTp . 

The connection ( |204|) and the form (|206|) play the prominent role in our construction. 



Since L and a are linear morphisms, their composition Loo" is a surjective submersion 
of n onto Q. It follows that 

a = aoLoa, (208) 

and the jet bundle J^Y -^ Y has the splitting 

J^r = KerL©Im(j, (209) 

yl = [y\ - ^tiat^yi + bt)] + Kiat^y^ + bt)]- 

Moreover, there exists the form a [Eq.( p06| )] such that also the Legendre bundle meets 
the splitting 

n = Kera©g. (210) 

Y 

Given the form a [Eq.( p06|) ] and the connection F [Eq. (|204|) ], let us consider the afiine 
momentum morphism 

$ = f + a, 

<^l = n(z/) + cr;X' (211) 

where F is the puUback ( |138| ) of F onto 11. It is easy to see that this momentum morphism 
satisfies Eq. (|170|) where L is the Legendre morphism (|202|) . Conversely, every afiine 



momentum morphism satisfying the condition ( |170D is of the type (^TTj). Building on the 
condition (|208| ), one can check that the multimomentum Hamiltonian form H^^ [Eq. (|169| )] 
corresponding to $ [Eq. (|21lD ] is associated with the Lagrangian density (pOll) . It is given 
by the expression 



1. 

2^'' ■ 2' 



H = pUy' A o^A - [FKpf - -h^) + -a%p'>p'; - c]u. (212) 



This expression consists with the canonical splitting ( |148|) of H where 



Note that, on Kero", the multimomentum Hamiltonian form ( pl2|) becomes affine in 
canonical momenta. 



We claim that the multimomentum Hamiltonian forms (|212|) where F are connections 



0^ ) constitute the complete family. 
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Given the multiniomentum Hamiltonian form (|212D, let us consider the Hamilton 



equations (|157a|) for sections r of the fibred Legendre manifold U ^ X. They read 

J^s = (r + 0") o r, s = TTny o r, (213) 



or 

where 

Wxr' = dxr' - (r o s)\ 

is the covariant derivative (|61|). 

With splitting ( p^09| ), we have the following surjections 

5:=pri : J^F ^KerL, 

and 

JF := pr2 : J^Y -^ Imcr, 

With respect to these surjections, the Hamilton equations (|213D break into two parts 



SoJh = Tos, (214) 

VAr' = crt(a^p,H+6^). 

and 

J^oj\s = aor, (215) 



^tiatfd,r^+bt) = atrl 



The Hamilton equations ( pi4| ) are independent of canonical momenta r^ and make the 



sense of gauge-type conditions. 

By analogy with gauge theory, one can think of the preimage JF^^(y) of every point 
y e Imcr as being a gauge-type class. Then, Eq.( pl4| ) makes the sense of a gauge-type 
condition. We shall say that this condition is universal if it singles out one representative 
of every gauge- type class. It is readily observed that Eq. (|214|) is the universal gauge- 



type condition on sections 7 of the jet bundle J^H — > H when the algebraic Hamilton 
equations ( |153a| ) and ( |153b| ) are considered, otherwise on sections r of the Legendre 
manifold U ^ X. At the same time, one can conclude that it is one or another condition 
for the quantity 

S o J\s = d,r^ - atiatp.r^ + bt) 
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which may supplement the underdetermined Euler-Lagrange equations for the degenerate 
Lagrangian density (|201|) . 

Moreover, for every section s of the fibred manifold y ^ X (in particular, every 
solution of the Euler-Lagrange equations), there exists a connection T [Eq. (|204|) ] such 



that the gauge-type conditions ( pl4| ) holds. Indeed, let T' be a connection whose integral 
section is s. Set 

T = SoT', 

r = r';-<(a^;r^^ + 6^). 

In this case, the momentum morphism ( [^11| ) satisfies Eq.( p.86| ) 

$ o L o J^s = J^s. 

It follows that the multimomentum Hamiltonian forms ( |212| ) constitute really the complete 
family. 

It must be noted that the multimomentum Hamiltonian forms from this family differ 
from each other only in connections F [Eq.( p04| )] which imply the different gauge-type 
conditions 



The complete family of the multimomentum Hamiltonian forms (|212|) is by no means 



minimal. It may be often minimized by choice of a certain subset of connections ( p04| ). 
Let us turn now to an afiine Lagrangian density 

L = Cu, 

C = bf{y)y{ + c{y). (216) 

It is almost regular and semiregular. The corresponding Legendre morphism 

pfoL = bfiy) (217) 

is a bundle over the imbedded constraint submanifold Q = b{Y) of the Legendre manifold 
H determind by the section b of the Legendre bundle U ^ Y. 

Let r be a connection on the fibred manifold Y —> X and F the associated momen- 



tum morphism. This momentum morphism satisfies Eg. ( 170 ) where L is the Legendre 



morphism ( |217| ). Therefore, let us consider the multimomentum Hamiltonian form ( [169| ) 

H = Hr + LoT= pfdf A LUX- (p- - bf)T\uj + cu, (218) 

corresponding to F. It is easy to see that this multimomentum Hamiltonian form is 
associated with the afiine Lagrangian density (|216|) . 



Note that this multimomentum Hamiltonian form is afiine in canonical momenta ev- 
erywhere on H. The corresponding momentum morphism reads 

y\oH = T\ (219) 
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and so, the Hamilton equations ( |157aD reduce to the gauge-type condition 

dxr' = T\. 

Their solution is an integral section of the connection F. Conversely, for each section s 
of the fibred manifold Y ^ X, there exists the connection F on F which has the integral 
section s. Then, the corresponding momentum morphism (|219D obeys the condition 



HoLoJh = Jh. 

It follows that the multimomentum Hamiltonian forms ( |218D constitute the complete 
family. 

Thus, the universal procedure is now at hand to describe constraint field theories 
including gauge theory and gravitation theory. 

19 Hamiltonian gauge theory 

Gauge theory, in conjuction with the mechanism of spontaneous symmetry breaking, 
makes the adequate picture of fundamental interactions where principal connections model 
the mediators of interaction possessing a certain group of symmetries. This Section covers 
the gauge theory with unbroken symmetries. 

Gauge theory of principal connections is described by the degenerate quadratic La- 
grangian density, and its multimomentum Hamiltonian formulation shadows the general 
procedure for degenerate quadratic models from previous Section. The feature of gauge 
theory consists in the fact that splittings ( |209|) and ( piOj) of configuration and phase spaces 
of fields are canonical. 

In the rest of this Chapter, a base manifold X is proposed to be oriented. We call it 
the world manifold. By g^^i, [or g^'^] is meant a nondegenerate fibre metric in the tangent 
[or cotangent] bundle of X. We denote 



g = det{g^ 



flUj 



Structure groups of bundles throughout are supposed to be finite-dimensional real con- 
nected Lie groups. 
Let 

Tip: P-^X 

be a principal bundle with a structure Lie group G. There is the 1:1 correspondence 
between principal connections on P and global sections of the principal connection bundle 
C [Eq.(pP|)]. This bundle is provided with the fibred coordinates (x'^, fc™) so that 



[k]: o A){x) = A^{x) 
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are coefficients of the local connection 1-form (^). 

In gauge theory, global sections of the principal connection bundle (^9]) are treated 
the gauge potentials. Their finite-dimensional configuration space is the ffist order jet 
manifold J^C of C. It is endowed with the adapted coordinates (a;^, fc^, A;^) [Eq.(p2D]. 
The affine jet bundle J^C — * C is modelled on the vector bundle 

T*X®iC xT*X®V^P). 
c 

On the configuration space (0), the conventional Yang-Mills Lagrangian density Lym 
of gauge potentials is given by the expression 

1 

4^2' 



Lym = — ^^n^'V'^-^A™^-^;^! 9 I ^ (220) 



where a*^ is a nondegenerate G-invariant metric in the Lie algebra Qr and e is a coupling 
constant. This Lagrangian density is almost regular and semiregular. 

Remark. Note that the Lagrangian density (|220| ) is the unique gauge invariant 
quadratic Lagrangian density on J^C. In gauge theory several types of gauge transfor- 
mations are considered. Here, we are concerned only with so-called principal morphisms. 
Given a principal bundle P ^ X, hj a principal morphism is meant its G-equivariant 
isomorphism $p over X together with the ffist order jet prolongations J^^p. Whenever 
g (z G, Vie have 

Tg O <|)p = $p O Tg. 

Every such isomorphism $p is brought into the form 

^p{p)=pfs{p), peP, (221) 

where fs is a G-valued equivariant function on P: 

fs{qg) = 9~^fs{q)g, 9 (^G. 

There is the 1:1 correspondense between these functions and the global section s of the 
group bundle P: 

s{7r{p))p = pfs{p). 

Principal morphisms $p constitute the gauge group which is isomorphic to the group 
of global sections of the P-asso dated group bundle P. The Sobolev completion of the 
gauge group is a Banach Lie group. Its Lie algebra in turn is the Sobolev completion 
of the algebra of generators of infinitesimal principal morphsms. These generators are 
represented by the corresponding vertical vector fields on a P-associated bundle which 
carries representation of the gauge group. We call them principal vector fields. Note that 
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the jet lift u [Eq.(PBD] of a principal vector field m on a P-associated bundle is a principal 
vector field on the fibred jet manifold J^Y -^ X. Then, it is readily observed that a 
Lagrangian density L on the configuration space J^Y is gauge invariant iff, whenever 
principal vector field uonY^X, 

where L denotes the Lie derivative of exterior forms. For instance, local principal vector 
fields on the principal connection bundle C read 

u = {d.a'^ + Cky)di:, (222) 

where a"^{x) are local real functions on X. □ 

The finite-dimensional phase space of gauge potentials is the Legendre bundle 

TTnc : n ^ C, 

n = AT*X(g)TX^\C X C]* 
c c 

over the principal connection bundle C [Eq.(|39|)]. It is endowed with the canonical coor- 
dinates 

The Legendre bundle LI over C as like as the jet bundle J^C -^ C admits the canonical 
splitting 

n = n+©n_, (223) 

c 



pM ^ (/.A) ^ [M] ^ 1/ mA ^ Amxx ^ 1/ M _ Amn 
The Legendre morphism associated with the Lagrangian density (|220|) takes the form 

p(^^) o Lym = 0, (224a) 

P^J:'^ o Lym = e-'aZyg^^J^2f,^\. (224b) 

A glance at this morphism shows that 

Ker Lym = C+ 

and 

Q = Lym{J'C) = n_. 



It follows that sphttings (pSf) and (|223|) are similar to the splittings (|209|) and (|210|) in 
general case of a degenerate Lagrangian density. 
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Thus, to construct the complete family of multimomentum Hamiltonian forms associ- 
ated with the Yang-Mills Lagrangian density (|22CI|) , we can follow the standard procedure 
for degenerate Lagrangian densities from previous Section. 

In accordance with this procedure, let us consider connections on the principal con- 
nection bundle C which take their values into KerL: 

S:C ^C+, (225) 

cm rim n"^h^h^ — fl 

Recall that, given a symmetric linear connection K* [Eq.(p3|)] on the cotangent bun- 
dle T*X of X, every principal connection i? on a principal bundle P gives rise to the 
connection 

Sb '■ C — > C+, 
SboB = So J^B, 

[Eq.(Q)] on the principal connection bundle C. 

Given a connection (|225|) , one can check directly that the multimomentum Hamilto- 
nian form 

H = p^^dk^ Au,- p^^5,"l^ - Hymu^, (226) 

n-YM — , "G ytJ.i^yXl3Pm Pn 19 1 ) 



is associated with the Lagrangian density L 



YM- 



Remark. In contrast with the Lagrangian density Lym, the multimomentum Hamil- 
tonian forms (|226|) are not gauge invariant, otherwise their restriction 



Hq = p'^Hdk^ A a;, - h::,k^,klu;) - Hymuj 

to the constraint space Q. By gauge transformations in multimomentum canonical vari- 
ables are meant isomorphisms of the Legendre bundle H over C which are induced by 
principal morphisms of the principal connection bundle C . The corresponding principal 
vector fields on H — >■ X read 

u = {d,a^ + cZk'^a-)d^^ - c^^pfa^d^^. 

U 

We can justify that the multimomentum Hamiltonian forms ( p26| ) constitute the com- 
plete family. Moreover, to get the complete family, it suffices to take the subset of con- 
nections (|8^). 
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Let K* be a fixed symmetric linear connection (pSf) on the cotangent bundle T*X of X 



In virtue of Lemma 19.1, every principal connection B on P gives rise to the connection 
Sb [Eq.(P^]. We shall denote by Hb the multimomentum Hamiltonian form ( |226D where 
S is the connection Sb [Eq.(p4D]. 

Given Hb , the corresponding Hamilton equations for sections r of the Legendre bundle 
n ^ X are 

5aC + 9,^T = '^SbZx) (228) 



and plus Eq.( p24b|) . 



The Hamilton equations (|228|) and (|224b| ) are similar to Eqs.( pl4j ) and ( pl5| ) respec- 



tively. The Hamilton equations ( P24b|) and ( P27| ) restricted to the constraint space ( |224a| ) 



are precisely the Yang-Mills equations for a gauge potential 

A = vTnc o r. 

Whenever Hb, these equations are the same. They exemplify the De Donder-Hamilton 
equations ( |191| ). 

Different multimomentum Hamiltonian forms Hb lead to different Eqs.( |228]) . The 



Hamilton equation (|228|) is independent of canonical momenta and it is just the gauge- 
type condition ( |214|) 

SboA = So j^a. 

A glance at this condition shows that, given a solution A of the Yang-Mills equations, 
there always exists a multimomentum Hamiltonian form Hb which obeys the condition 

(B ^ . 

Hb o Lym o J^A = J^A. 

For instance, this is Hb=a- It follows that the Hamiltonian forms Hb constitute really the 
complete family. 



It must be noted that the gauge- type condition (228) differs from the familiar gauge 
condition in gauge theory. The latter singles out a representative of each gauge coset 
(with accuracy to Gribov's ambiguity). Namely, if a gauge potential A is a solution of the 
Yang-Mills equations, there exists a gauge conjugate potential A' which also is a solution 
of the same Yang-Mills equations and satisfies a given gauge condition. At the same time, 
not every solution of the Yang-Mills equations is a solution of a system of the Yang-Mills 
equations and one or another gauge condition. In other words, there are solutions of 
Yang-Mills equations which are not singled out by the gauge conditions known in gauge 
theory. In this sense, the system of these gauge conditions is not complete. In gauge 
theory, this lack is not essential since one think of all gauge conjugate potentials as being 
physically equivalent, otherwise in case of other constraint field theories, e.g. the Proca 
field. 
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In the framework of the multimomentum Hamiltonian description of quadratic La- 
grangian systems, there is a complete set of gauge- type conditions in the sense that, for 
any solution of the Euler-Lagrange equations, there exists a system of Hamilton equations 
equivalent to these Euler-Lagrange equations and a supplementary gauge-type condition 
to which this solution satisfies. 

Given a principal connection B, the gauge-type condition ( p28| ) is universal on so- 
lutions of the algebraic Hamilton equations, but it is rather rigid on solutions of the 
differential Hamilton equations. In gauge theory where gauge conjugate solutions are 
treated physically equivalent, one may replace Eq. (|228|) by one or another condition for 

is ° J'A)7x = lid.A^ + d,A^ + cZAlA\) 
which can supplement the Yang-Mills equations. In particular, 

recovers the familiar generalized Lorentz gauge condition. 

20 Electromagnetic fields 

As a test case of Hamiltonian gauge theory, let us consider electromagnetic fields on a 
4-dimensional world manifold X^. 

In accordance with the gauge approach, electromagnetic potentials are identified with 
principal connections on a principal bundle P -^ X"^ with the structure group f/(l). In 
this case, the adjoint bundle is isomorphic to the trivial linear bundle 

V^P = X^ X M. 

The corresponding principal connection bundle C [Eq.(|39D] is an afiine bundle modelled 
on the cotangent bundle T*X of X^. It is coordinatized by (x^, k^). 

The finite-dimensional configuration space of electromagnetic potentials is the afiine 
jet bundle J^C —>■ C modelled on the pullback tensor bundle 

C:=^T*XxC^C. 

X 

Its canonical splitting (Rl) reads 



2 



J^C = C+®{AT*XxC) (229) 

C Ji 

where C+ ^ C is the affine bundle modelled on the pullback symmetric tensor bundle 

C+ = V T*X X C. 

X 
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Relative to the adapted coordinates 



[X , k^, '^ii,x) 



"111 '"fi 
of J^C, the sphtting ( |229|) is expressed as 



For any section A of C, we observe that 

F^x = T^x o J' A = dxA^ - d^Ax 

is the famihar strength of an electromagnetic field. 

For the sake of simplicity, we further let X'^ be the Minkowski space with the Minkowski 
metric 

V=i+, )• 

On the configuration space (|229| ), the conventional Lagrangian density of an electro- 
magnetic field is written 

Le = -^v''^Tl^'':FxpJ'^uUJ. (230) 

The finite- dimensional phase space of electromagnetic potentials is the Legendre bun- 
dle 

n = (A T*X ®TX® TX) X C 

endowed with the canonical coordinates 

With respect to these coordinates, the Legendre morphism associated with the Lagrangian 
density (|230|) is written 

p(A'^) oLe = 0, (231a) 

p[M] o Le = -^V^''v'"'^a(3. (231b) 

The multimomentum Hamiltonian forms 



Ssfix = -^{d^Bx + dxBfj), 



Hb = p^^dk^ Aux- P^^Sb,.xuj - Heoo, (232) 

1 

2' 
He = -7i'n,,Vxpp^''V"'\ 
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parameterized by electromagnetic potentials B are associated with the Lagrangian density 
( P30| ) and constitute the complete family. 

Given the multimomentum Hamiltonian form Hb [Eq.( |232| )], the corresponding Hamil- 
ton equations are 

dxrf"^ = (233) 

dxr^ + d^rx = dxB^ + d^Bx (234) 

and plus Eq.(^3T5|). On the constraint space ( |231a) ), Eqs.( |23l5D and ( p33| ) come to the 
Maxwell equations without matter sources. At the same time, Eq. ( |234|) independent on 
canonical momenta plays the role of a gauge-type condition. Although its solution 

TTnc or = B. 

is by no means unique, this gauge-type condition, B being fixed, is rather rigid. Since 
gauge conjugate electromagnetic potentials are treated physically equivalent, one may 
replace Eq.( ^34] ) by one or another condition for the quantity 

dx^t, + df,rx. 

In particular, the familiar generalized Lorentz gauge condition 

V^^d^rx = a{x) 

is recovered. 

In gauge theory, the gauge conditions which supplement the Euler-Lagrange equations 
are well-known, otherwise in general case of constraint field systems. 

21 Proca fields 

The model of massive vector Proca fields exemplifies a constraint field theory which shad- 
ows the electromagnetic theory, but without gauge invariance. Note that at present, the 
Proca field model is not actual, for vector mesons appeared to be composite particles and 
the Higgs mechanism of generating a mass is dominant in contemporary particle physics. 
The vector Proca fields are represented by sections of the cotangent bundle T*X — ^ X^, 
whereas electromagnetic potentials are sections of the afiine bundle modelled on T*X. The 
finite-dimensional configuration space of Proca fields is the afiine jet bundle 

J^T*X -^ T*X 

modelled on the pullback tensor bundle 

i)T*X xTX ~^TX. (235) 
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It is provided with the adapted coordinates 

where fc^ = x^ are the famihar induced coordinates of T*X. 

Let X^ be the Minkowski space. The Lagrangian density of Proca fields is viewed as 
the electromagnetic Lagrangian density ( pSOj ) minus the massive-type term: 

Lp = Le- ^m^ri''%kxu. (236) 

It is semiregular and almost regular. 

The finite-dimensional phase space of Proca fields is the Legendre bundle 

n = A T*X ^TX(g)TX X T*X 

endowed with the canonical coordinates 

[x , kf^,p ). 

With respect to these coordinates, the Legendre morphism associated with the La- 
grangian density (|236D takes the form 



p(/'^) oLp = 0, (237a) 

p[M] o Lp = --L^Aa^;./3^^^_ (237b) 
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It is viewed exactly as the Legendre morphism Le- We have 

KerLp = vr*XxT*X 

and 

Q = /\T*X ® (ATX), 

Following the general procedure of describing constraint field systems lirom Section 18, 
let us consider the form a [Eq.( p06| )]: 



where k^x are the bundle coordinates of the bundle ( ^35| ). Since 



Ima = A T*X x T*X 
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and 



Ker a = A T*X ® ( V TX) x T*X, 



one can perform the corresponding splitting ( |209|) of the configuration space 



J'T*X = yT*X © AT*X, 



T*X 



(238) 



kfjix — -{<Sfix + J^fix] 



Hf^x) + ^[ma] 



and the sphtting ( |210|) of the phase space 



n= [AT*X (g) (VTX)] © Q, 

T*X T*X 



Following Section 18, let us consider connections on the cotangent bundle T*X taking 
their values into KerLp. Every such a connection is expressed as 

S = (P^xdzf" (g) d^ 

where is a symmetric soldering form on T*X, for K = in the Minkowski space. By 
analogy with case of the electormagnetic field, it suffies to take the connections 

Sb = dx^ © [dx + ^{d.Bx + dxB^)d,] 

where 5 is a section of T*X. Then one can justify that the multimomentum Hamiltonian 
forms 



Hb = p^^dk^ AuJx- V^^Sb^^x^ - Hpuj, 



are associated with the Lagrangian density Lp [Eq.( |23CI|) ] and constitute the complete 
family. 

Given the multimomentum Hamiltonian form Hp, the corresponding Hamilton equa- 
tions are 



An 
dxTf, + d^rx = dxB^ + d^Bx 



(239) 
(240) 



and plus Eq.( |237bD . On the constraint space (|237a)) , Eqs. (|237b|) and ( p39| ) come to the 
Euler- Lagrange equations which are supplemented by the gauge-type condition (|24CI|) . In 
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view of the splitting ( p^38| ), this supplementary condition is universal on solutions of the 
algebraic Hamilton equations for Hb-, but is rather rigid on solutions of the differential 
Hamilton equations. At the same time, one may replace Eq.( [^4CI| ) by one or another 
condition for the quantity 

e.g., the generalized Lorentz gauge condition 

V^^9f,rx = a{x). 

But, in contrast with case of the electromagnetic field, no such condition exausts all 
physically non-equivalent solutions of the Euler-Lagrange equations for Proca fields. For 
instance, the Lorentz gauge condition 

V^%rx = 

is compatible with the wave solutions. 

Note that, in another model, massive vector fields represented by sections of the cotan- 
gent bundle T*X may be described also by the hyperregular Lagrangian density 

L = ^r'{r]^''k^xKa - m^k^K)uj 
on the configuration space J^T*X. In this case, they make the sense of matter fields. 

22 Matter fields 

In gauge theory, matter fields possessing only internal symmetries, i.e., scalar fields are 
described by sections of a vector bundle associated with a principal bundle P. One calls 
it the matter bundle. 

Let y ^ X be a bundle associated with a principal bundle P ^ X. The structure 
group G oi P acts freely on the standard fibre V oiY on the left. The total space of the 
P-associated bundle Y, by definition, is the quotient 

Y = {Px V)/G 

of the product P x V" by identification of its elements [qg x gv) for all g E G. The 
P-associated bundle Y is provided with an atlas 

associated with an atlas 
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of the principal bundle P as follows: 

where by [p]v is meant the restriction of the canonical map 

[P]v -.PxV^Y 

to the subset p x V. 

Remark. For each P associated bundle Y, there exists the fibre-preserving represen- 
tation morphism 

P X Y 3 {p,y) \^ py e Y 

where P is the P-associated group bundle. Building on this representation morphism, 
one can induce principal morphisms of Y: 

^s-Y 3y^ {son){y)y e Y 

where s is a global section of P. The corresponding principal vertical vector fields on the 
P-associated vector bundle Y ^ X read 

u = a"'{x)ljjy^di 

where Im are generators of the structure group G acting on V and a"^{x) are arbitrary 
local functions on X. □ 

Every principal connection A on a principal bundle P yields the associated connection 
r [Eq.(^)] on a P-associated bundle F — > X. Relative to the associated atlases "$ oi Y 
and \E'^ of P, this connection is written 

r = dx" ® [d^ + A;\x)i^'0^d,] (241) 

where A"^{x) are coefficients of the local connection 1-form (PDj). The curvature (^) of 
the connection ( |241| ) reads 

Turning now to the model of scalar matter fields, we let y — *> X be a P-associated 
matter bundle. It is assumed to be provided with a G-invariant fibre metric a^ . Because 
of the canonical vertical splitting ([T5|), the metric a^ is also a fibre metric in the vertical 
tangent bundle VY — > X. A linear connection F on a matter bundle Y is supposed to be 
an associated principal connection ( |241| ). 



The finite-dimensional configuration space of matter fields is the jet manifold J^Y 
provided with the adapted coordinates {x^,y\y\). Relative to these coordinates, the 
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Lagrangian density of scalar matter fields in the presence of a background gauge field, 
i.e., a connection T [Eq. (p41|) ] on Y reads 



L 



M 



\<,\rK - ^'M - ri) - ^'z/V] vITi^. (242) 



It is hyperregular. 

The finite-dimensional phase space of matter fields is the Legendre bundle 

n = (A T*X ®TX®Y*-)^Y 

where by Y* is meant the vector bundle dual toY —* X . It is provided with the canonical 
coordinates {x^,y^,p^). The unique multimomentum Hamiltonan form on 11 associated 
with the Lagrangian density (|242|) reads 

Hm = pfdy' A ^A - p^A^IJ,y^uJ - Km, (243) 

T-iM = TziavQavPiP-i Q +m a,,y y\ 



^M = ^[aYdt^uPiPj \g \ +m a^jy y'}^\g\, 

where ay is the fibre metric in Y* dual to oX . The corresponding Hamilton equations for 
sections r of the Legendre manifold 11 ^ X take the form 



5 



They are equivalent to the Euler-Lagrange equations corresponding to the Lagrangian 
density (g42|) . 

In case of unbroken symmetries, the total configuration space of gauge potentials and 
matter fields is the direct product 

J^Y X J^C. (244) 

Accordingly, the total Lagrangian density describing matter fields in the presence of dy- 
namic gauge potentials is the sum of the Lagrangian density (|220|) and the Lagrangian 
density ( |242| ) where we must set up 

r\ = k^IJ.y^. (245) 

The associated multimomentum Hamiltonian forms are the sum of the multimomentum 
Hamiltonian forms ( |226[ ) where S = Sb [Eq.(|5^] and the multimomentum Hamiltonian 
form ( P43|) where the connection F is given by the expression (|245|) . In this case, the 



Hamilton equation (p27|) contains the familiar Noether current 

as a matter source of gauge potentials. 
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23 Hamilton equations of General Relativity 

The contemporary concept of gravitation interactions is based on the gauge gravitation 
theory with two types of gravitational fields. These are tetrad gravitational fields and 
Lorentz gauge potentials. They correspond to different matter sources: the energy- 
momentum tensor and the spin current of matter. At present, all Lagrangian densities of 
classical and quantum gravitation theories are expressed in these variables. They are of 
the first order with respect to these fields. Only General Relativity without spin matter 
sources utilizes traditionally the Hilbert-Einstein Lagrangian density Lhe which is of the 
second order with respect to a pseudo-Riemannian metric. One can reduce its order by 
means of the Palatini variables when the Levi-Civita connection is regarded on the same 
footing as a pseudo-Riemannian metric. 

This Section is devoted to the so-called afiine-metric gravitation theory when grav- 
itational variables are both pseudo-Riemannian metrics ^f on a world manifold X^ and 
linear connections K [Eq. (|63|) ] on the tangent bundle of X^. We call them a world metric 
and a world connection respectively. Given a world metric, every world connection meets 
the well-known decomposition in the Cristoffel symbols, contorsion and the nonmetricity 
term. We here are not concerned with the matter sources of a general linear connection, 
for they, except fermion fields, are non-Lagrangian and hypothetical as a rule. 

In this Section, X is an oriented 4-dimensional world manifold which obeys the well- 
known topological conditions in order that a gravitational field exists on X^. 

Let LX -^ X^ be the principal bundle of linear frames in the tangent spaces to X^. 
The structure group of LX is the group 

G'L4 = GL+(4,M) 

of general linear transfromations of the standard fibre M'^ of the tangent bundle TX. 
The world connections are associated with principal connections on the principal bundle 
LX —>■ X^. Hence, there is the 1:1 correspondence between the world connections and 
the global sections of the principal connection bundle 

C = J^LX/GLi. (246) 

Therefore, we can apply the standard scheme of gauge theory in order to describe the 
configuration and phase spaces of world connections. 

There is the 1:1 correspondence between the world metrics g on X^ and the global 
sections of the bundle S^ of pseudo-Riemannian bilinear forms in tangent spaces to X^. 
This bundle is associated with the GL4-principal bundle LX. The 2-fold covering of the 
bundle E^ is the quotient bundle 

S = LX/S0{3, 1) 
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where by 50(3, 1) is meant the connected Lorentz group. 

Thus, the total configuration space of the affine-metric gravitational variables is rep- 
resented by the product of the corresponding jet manifolds: 



J^C X J^Sg. (247) 

X4 



Given a holonomic bundle atlas of LX associated with induced coordinates of TX and 
T*X, this configuration space is provided with the adapted coordinates 

(x^^'^^fcV,rt,fcVA). 

Also the total phase space 11 of the affine-metric gravity is the product of the Leg- 
endre bundles over the above-mentioned bundles C and Eg. It is coordinatized by the 
corresponding canonical coordinates 

I^X , (/ , /t f3^, Pal3 , Pa )■ 

On the configuration space ( p47] ), the Hilbert-Einstein Lagrangian density of General 
Relativity reads 

LhE = -7^/'^"/3aAV^^, (248) 



2k^ 

It is affine in connection velocities k"' p^x and, moreover, it is independent of metric veloc- 
ities g'^^x at all. Therefore, one can follow the general procedure of analyzing constraint 
field theories from Section 18. The corresponding Legendre morphism is given by the 
expressions 

Pap^ o Lhe = 0, 

pj"' o Lhe = vr/^^ = ^{S^ - 6^)^^- (249) 

These relations define the constraint space of General Relativity in multimomentum 
canonical variables. 

Building on all the set of connections on the bundle C x S^, one can construct the 
complete family of multimomentum Hamiltonian forms ( |218| ) associated with the Lagran- 



gian density ( |248| ) . To minimize it this complete family, we consider the following subset 
of these connections. 

Let i^ be a world connection and 

Sk"i3uX = -[k'^euk'^/sx — k°'£xk'^ pu + dxK°'f3u + d^K^fsx 



I3iyl^ eX 



-ir%>A;%. - K"..r 
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the corresponding connection ( P^ on the bundle C [Eq.( |246D ]. Let K' be another sym- 
metric world connection which induces an associated principal connection on the bundle 
Tjg. On the bundle C x Sg, we consider the following connection 



V^\ = -K'\^g 



r 



I3u\ 



S 



K fSuX 



^ - il eX9 , 

— -K f3„X 



(250) 



where R is the curvature of the connection K. The corresponding multimomentum Ha- 
miltonian form (pi8|) is given by the expression 



Hhe = iPa/s^dg'^^ + pj'^dk'^fs.) Aoox- Hheuj, 

HhE = -PaAK'^'eXg"' + i^'^A^"^) +p/""r"^,. 



f3uX 



-R'^Mp^ 



l3uX 



TT, 



l3vX 



)■ 



(251) 



It is associated with the Lagrangian density Lhe- We shall justify that the multimo- 
mentum Hamiltonian forms ( P51| ) parameterized by all the world connections K and K' 
constitute the complete family. 

Given the multimomentum Hamiltonian form Hhe [Eq.( |25lD ], the corresponding co- 
variant Hamilton equations for General Relativity read 



Oxg"-" 
dxk%. 



+ K'\,g^^ 



+ J^ eX9 



0, 



dxPal^ ^ 



l3vX — -K livXi 
PeP^K'^^+Pe^^K'^, 



H [Rap — T:9af3R)V—9, 

K I 



a7 



arc 



(252a) 
(252b) 

(252c) 

(252d) 



The Hamilton equations ( |252a] ) and ( |252b| ) are independent of canonical momenta and 
so, reduce to the gauge-type condition (|219|) . In accordance with the canonical splitting 
(P3) of J^C, the gauge-type condition (|252bD breaks into two parts 



jra 



i?" 



PvX-, 

A;" 



PvX 

-2ir^(,A)(i^V-^" 

eul^ PX 



fie) + K'axk^ 



K'auk'^ex 



-K'^exk'pu - i^%.A;%x = 0. 



(253) 



(254) 



It is readily observed that, for a given world metric g and a world connection /c, there 
always exist the world connections K' and K such that the gauge-type conditions ( p52a|) , 
^51) and (p5l) hold (e.g. K' is the Levi-Civita connection oig and K = k). It follows that 
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the multimomentum Hamiltonian forms (|251D consitute really the complete family. At the 



same time, one can think of connections K and K' as being variable parameters expressed 
into dynamical variables g and k and so, can substitute them into other equations. 

Being restricted to the constraint space ( |249| ) , the Hamilton equations (|252c| ) and 
( |252d|) comes to 



-{Rap-l9a(^R)V^=0, (255) 

K 2 

DaiV^g"') - 5:D,iV^g^^) + ^^[g^P[k\y^ - k 



Xa) 

+9^^{k\a - k\x) + S^y^ik^^f^x - A;^^)] = (256) 



where 



Oxg"-" = Oxg"-^ + k\xg^f + fc^A^"^ 



Substituting Eq. (|253|) into Eq.( p55| ), we obtain the Einstein equations 



^a/3 - T^Qap^ = 0. (257) 



It is easy to see that Eqs. ( |256D and ( |257| ) are the familiar equations of gravitation theory 



phrased in terms of the nonsymmetric Palatini variables. In particular, the former is the 
equation for the torsion and the nonmetricity term of the connection k'^i^,^. In the absence 
of matter sources, it admits the well-known solution 

Da9^' = V^g^\ 
where Va is an arbitrary covector field corresponding to the well-known projective freedom. 



24 Conservation laws 

Unless n = 1, the physical meaning of a multimomentum Hamiltonian form is not evident. 
To make it more understood, let us explore the covariany Hamiltonian formulation of the 
energy-momentum conservation law. 

In the framerwork of the multimomentum Hamiltonian formalism, we get the funda- 
mental identity whose restriction to the Lagrangian constraint space recovers the familiar 
energy-momentum conservation law, without appealing to any symmetry condition. 



Let if be a Hamiltonian form on the Legendre bundle H (|117|) over a fibred manifold 
F — > X. Let r be a section of of the fibred Legendre manifold H ^ X and {y\x),p^{x)) its 
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local components. Given a connection T onY ^ X,we consider the following T*X-valued 
(n — l)-forni on X: 

Tr{r) = -{r\H)or, 

Trir) = [pfiy; - r;) - S'^ipUVa - K) - nr)]dx^ ® ^A, (258) 



where Tiv is the Haniiltonian density in the splitting ( |144| ) of H with respect to the 
connection F. 
Let 

r = r^^A 

be a vector field on X. Given a connection F on F — > X, it gives rise to the vector field 
fr = r^dx + r^T\d, + (-r'^pJS.F^^ - p'^d^r^ + p'tdy)d\ 

on the Legendre bundle 11. Let us calculate the Lie derivative L^^-ffr on a section r. We 
have 

(L~ :ffr) o r = pfi?\^ + rfKTr\(r)^,] - {ttv\Sh) o r (259) 

where 

R = -i?l^t/x^ A rfx^ 0di = 

1(9aF; - 9,F1 + Fi9,F; - F^^a,Fl)dx^ a rfx'^ ® 9.; 



of the connection T, Sh is the Hamilton operator ( 150 ) and 



Try = r^(Fl - yi)d, + (-r^p,'9,F^^ - p,^9^r^ + p^^d^ - r^,''^)^! 

is the vertical part of the canonical horizontal splitting of the vector field fy on 11 over 
J^n. If r is a solution of the Hamilton equations, the equality ( |259| ) comes to the identity 

id, + F;9. - d.T^^ppDHr - ^Tr\ir) = pfB!,^. (260) 



On solutions of the Hamilton equations, the form ( p58| ) reads 

Trir) = [pfd;nr - S'^iptdi^Hr - nr)]dx^ ® cu,. (261) 

One can verify that the identity ( |260| ) does not depend upon choice of the connection F. 
For instance, if X = R and F is the trivial connection, then 

Trir) = Hodt 
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where Tio is a Hamiltonian and the identity ( |260D consists with the famihar energy con- 
servation law ^ ^ 

dTto oKq 



dt dt 

in analytical mechanics. 

Unless n = 1, the identity (|26CI|) can not be regarded directly as the energy-momentum 
conservation law. To clarify its physical meaning, we turn to the Lagrangian formalism. 
Let a multimomentum Hamiltonian form H be associated with a semiregular Lagrangian 
density L. Let r be a solution of the Hamilton equations for H which lives on the 
Lagrangian constraint space Q and s the associated solution of the first order Euler- 
Lagrange equations for L so that they satisfy the conditions ( [L88| ). Then, we have 

Tr(r) = rr(^) 

where is the Lagrangian canonical energy- momentum tensor (|116|) . It follows that the 
form ( p61| ) may be treated as a Hamiltonian canonical energy-momentum tensor with 
respect to a background connection F on the fibred manifold Y ^ X. At the same 



time, the examples below will show that, in field models, the identity ( |260| ) is precisely 
the energy-momentum conservation law for the metric energy-momentum tensor, not the 
canonical one. 

In the Lagrangian formalism, the metric energy-momentum tensor is defined to be 

^ ^dC 

V~gtai3 — 2 



In case of a background world metric g, this object is well-behaved. In the framework of 
the multimomentum Hamiltonian formalism, one can introduce the similar tensor 

v^t^"^ = 2-^. (262) 

If a multimomentum Hamiltonian form H is associated with a semiregular Lagrangian 
density L, we have the equalities 

where q E Q and 

HoL{z) = z. 

In view of these equalities, we can think of the tensor ( p62|) restricted to the Lagrangian 
constraint space Q as being the Hamiltonian metric energy-momentum tensor. On Q, the 
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tensor ( ^62| ) does not depend upon choice of a Haniiltonian form H associated with L. 
Therefore, we shall denote it by the common symbol t. 

In the presence of a background world metric g, the identity (|260|) takes the form 



d 



t\{\,}V^g + (r;9, - d.r^p^dDHr = —Jv\ + p'^Rx, 



dx^' 



(263) 



where 



d 



dx + dxy^ + dxp'^d] 



t^i^^ 



and by {^A/i} are meant the Cristoffel symbols of the world metric g. 

For instance, let us examine matter fields in the presence of a background gauge 
potential A which are described by the Hamiltonian form ( |243| ) . In this case, we have the 
equality 



-9 = T\ 
1 



[aY9t^uPfp''j{ 
-1 



s^T^iaigauPtp^A-ar + m'al^yy)]V^ 



and the gauge invariance condition 



irJiP]d\n = 0. 



The identity (|263|) then takes the form of the energy-momentum conservation law 



^^VAt' 



A pm J i j 
Pi -^Au-'ni jy 



where Va is the covariant derivative relative to the Levi-Civita connection and F is the 
strength of the background gauge potential A. 

Let us consider gauge potentials A described by the complete family of the multimo- 
mentum Hamiltonian forms ( p26| ) where S = Sb- On the solution A = B, the curvature 
of the connection Sb is reduced to 



R 



\a^ 



I Pi -r-m „m r,<? -r-n jP \ -r-m r/3 \ -r-m N 



Set 



S^^l = Pm^^d'^J^YM 



"G yt^ugapPm Pn 



In virtue of Eqs.( p24"a| ), ( P24b| ) and (|227| ), we obtain the relations 



[Aa] pm _ Q qA j/3 \ qA 

Pm ^Xa^i — '-'A'J M 1 ^A/^ /3, 



^n^auPm^pX^YM 
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{^a,}S^ 



/3) 



^ mV^~^ = 25* ^ — 6^Hym 



and 



-9 = T' 



jj + o ^. 



The identity (|263|) then takes the form of the energy-momentum conservation law 

VAt\ = 0. 

In particular, the familiar energy-momentum conservation law for electromagnetic field 
is reproduced. 
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